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ABSTRACT

In this paper, new Ricci scalar using the Howusu metric tensor was derived which is valid for a gravitational
field that is regular and continuous everywhere including all boundaries, continuous normal derivative
everywhere including all boundaries, and its reciprocal decreases at infinite distance from the source. The
results were compared with the well-known Schwarzschild Ricci Scalar using radial distance as the
measuring index and it was discovered that, unlike the Schwarzschild Ricci Scalar, the Howusu metric
tensor has a non-zero Ricci scalar as r tends to zero. Comparing also the Howusu Ricci Scalar R with the
Schwarzschild Ricci Scalar R, it was found in this paper that,asr = 0, R = —ocoand as r = oo, R tends
to zero, and for the Schwarzschild Metric Tensor, the Ricci Scalar R is R = 0. This Ricci scalar is a scalar
guantity used to identify and make concrete the notion of curvature for all gravitational fields in nature.
Keywords: Ricci Scalar, Howusu Metric Tensor, Schwarzschild Metric Tensor.

INTRODUCTION

The Schwarzschild metric represents the gravitational field around a symmetrically spherical
object without angular momentum. This Schwarzschild metric can be summarized as (Kumar,
2009)

I = 0 (1_¥) 2 1)
0 0 T 0
0 o O rzsinZH/

where M is the mass of the object and r is the distance away from the object. In 2012, Howusu
Metric Tensor was introduced and was said to be a solution to Einstein's field equations that
describes the gravitational field for all gravitational field in nature. The metric is written as
(Howusu, 2012)

—exp (25X 0 0 0
_/ 0 exp(—2Y) 0 0 \
Guv = 0 0 rzexp(—zc‘i’:' 0 | )
0 0 0 rzsinzeexp(—sz’f)

where C is the speed of light; G is the universal constant of gravitation; M is the mass of the
object and r is the distance away from the object. In this paper, the Ricci Scalar in the Spherical
coordinate based upon the Howusu Metric Tensor will be derived, and the results will be
compared with the well-known Ricci Scalar in the Spherical Coordinate based on Schwarzschild
Metric Tensor.
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THEORY

The process of computing the Ricci Scalar involves finding the unknown components of the
equation (Kumar, 2009);

R =g"Ryy @)

Juv 1s the metric tensor to work with, which in this case is the Howusu Metric Tensor. So, the first
step is to find the Ricci curvature tensor R, . This involves finding the Christoffel symbols I" or
the affine connection which only requires one to take the gradient of the entire metric, and partial
derivatives of each coefficient of the metric with respect to the components of the metric. Thus,
using (Obaje & Ekpe, 2020):

5§ _1 09ap | 99ay _ agﬁy)
Guslpy = 2 ( axy = axP  axa )’ “)

There are a total of 64 Christoffel symbols I" since A, p and v each represent four components of
the matrix: t, r, 6 and @. So, the full set of the Christoffel Symbols must contain a combination of
all the possibilities of these coordinates. However, one interesting property of Christoffel Symbols
is (Kumar, 2009):

ng = Fgﬁ ®)
Setting, « = 0, f = 1 and y = 0, then substituting these values into equation (4), we get

s — 1(6901 + 9900 _ 6.910) (6)
Gosl10 = 2\ 9x0 ax1 ax1

Substituting equation (2) into equation (6), we arrive at
1o , (%) o
gosT%0 =3 (7 + (T) — 5 ()
Differentiating equation (7), we obtained
1 2GM
gOSFfO = E (_ c2r2 exp(zccz;lr ) (8)
GM
gOSFfO = - c2r2 exp(ZC(;I:I (9)
Summing over all the values of §
90530 = GooT 20+ 901T 0+ 90220+ 903 30 (10)
Referring to equation (2), the values gy, go2 and go; are all zero except for g
JosT0 = go%rl;?o +0+0+0 (11)
ool = — 5 exp(35E (12)
Multiply both sides by
GM

g% = —exp(=5)rY =T, = 5 (13)

Similarly, the mathematical results for the other non-zero terms from the calculation of the

Christoffel symbols using the Howusu Metric Tensor are:
GM

F?O = Fgl = c2r2 (14)
GM
F%l = - c2r2 (16)
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1 _GM . 5 )
33 = — sin 6 —rsin“0 (18)
1 GM
M5 =-—%5 (19)
I'%; = —cosOsinf (20)
1 GM
Ms=-—-53 (21)
0
33 = == = cotf (22)

With the Christoffel symbols found, one moves on to find the Riemann curvature tensor Ry,
using the formula (Obaje & Ekpe, 2021).,
Ry =T o — T8y + T, T, —TE T (23)
Substituting equations (14) to (22) into equation (23), differentiating where necessary and writing
out all the non-zero terms of the Riemann curvature tensor,
Let’s look at RY,;.
Making o =o, p=1 and v = 1,then substituting into equation (23), we obtained
RYp1 =T910—T301 + F/%orﬁ - Fg’orfo (24)
Summing over all the values of B, we have
R{o1 = %10 — 901 + Tgoldy + Tl + [3l51 + T3eI5; — 941
_F21F%0 - F(2)1F%0 - F(3)1F§o (25)
Substituting the Christoffel symbols in equation (25) and differentiating with respect to the
coordinate where necessary, we arrived at

0 _ _ 2GM _ 2GM _ 2GM _ _ 2GM _ 2GM _ _ _
R101 =0 26%7*3 -ZI_GI(\)/I-I_ [Z(C;Mczr3)( czrz)] +0+0 [( czrz)( czrz)] 0-0-0 (26)
R?Ol T T 2p3 ' caps capa (27)
2GM
R?m = T2 (28)
Similarly, we can obtain the mathematical results for the other non-zero terms from the calculation
of Riemann Tensor and it should be noted that only half the amount of Riemann Tensor will be
listed because of the following property (Obaje & Ekpe,2021).:

Riiav = —Riva (29)
As aresult,

R0z = fz_ﬂi - 6;1:122 (30)
Rz = %sinzé) - chf: sin?@ (31)
Riio =% (32)
R, =1-21 (33)
R§13 == GMCS;:ZG (34)
R0 = 6641:’3 - G;I:Ij (35)
R = - (36)
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2GMsin%60  G?M?sin?6

Riys == ——— —cos?0 (37)
Roz0 = % - izl:{: (38)
Riz1 = — 6(21:13 (39)
Ry, = -2 (40)

Having derived the Riemann curvature tensor, one can now derive the Ricci tensor, which is a
contraction of the Riemann tensor (Abalaka & Ekpe, 2021).:

R,uv = Rﬁav (41)
where Rw is expressed explicitly as
Ry, RMOV + le, + RMZV + R#3v (42)

Substltutlng equations (30) to (40) into equation (42) it was discovered that the Howusu Metric
Tensor has non-zero Ricci curvature tensor unlike the Schwarzschild Metric Tensor. Thus, the
components of the Ricci curvature tensor can be conveniently expressed as follows: (Abalaka &

Ekpe,2021)

Roo = ifrl\;[ - ZS::F + if:;[ (43)
Ry = _g;rl\;[ (44)
Ry =120 (45)
Rss = 2G1\/C[§irn29 _ Gzhgjj;nze _ Gzhﬁjjiznze _ cos20 (46)

Following this step, the Ricci scalar, R, is calculated by using the formula (Abalaka & Ekpe,
2021).:

R = g"R,, (47)

where g#V is the contravariant metric tensor; the inverse of the Howusu Metric Tensor is given
by (Howusu 2012):

gOO ZGM (48)
gt = exp( ZGM (49)
gZZ — _exp(_ZGM (50)
933 = rzsmze p(_ZGM (51)
gV = 0, otherwise (52)

Using the summation convention with the Ricci Scalar, one obtains the value of each coefficient
in the expansion: (Abalaka & Ekpe,2021)

R=g%Roo+ -+ g'" Ryy + -+ g*?Ryp + -+ + g*°Ra3 (53)

Hence substituting equations (48) to (52) and equations (43) to (46) into equation (53),

2GM\ [2G2M? 2GM 2GM __2GM 2GM 1 3G2M?  G*M cote
R = exp + e -

c2r

(54)

c4r4 c2r3 c4r3 c2r3 = r2 c4r4 crs

RESULTS AND DISCUSSION
The mathematical result from the calculation of the Ricci scalar using the Howusu Metric Tensor
was:

64

NIGERIAN JOURNAL OF PHYSICS | NJP VOLUME 31(2) I DECEMBER 2022




e
f ’ﬁi % www.nipngn.org

ZGM)lZGZM2 2GM ZGMl

R = exp( 5

C4r4 c2r3 C4r3

2GM 2GM 1 3G2M? G2M?  cot?8
|- — | &

exp (- 1
p c2r c2r3 = r2 ctr4 c4rs r2

where c is the speed of light; G is the universal constant of gravitation; M is the mass of the object
and r is the distance away from the object. Comparing the Ricci Scalar R in (55) with the
Schwarzschild Ricci Scalar R, it was found in this paper that, as r - 0, R = —c and as r — oo,
R tends to zero, and for the Schwarzschild Metric Tensor, the Ricci Scalar R is

R=0 (56)

Equating the Ricci Scalar of the Howusu Metric Tensor and the Schwarzschild Metric Tensor
yields:

3G?M?2  G2M?  cot?@
At 45 12

2GM\ [2G2M?%2 2GM 2GM
ex

ZGM) [ 2GM
c2r

]+exp(—Czr +ri2— ]=O(57)

At 213 cAr3 213
This condition can only be satisfied if r = oco. The metric of the geometry being considered is
taken, its Christoffel symbols are found, the Riemann curvature tensor is found and through that
tensor, both the Ricci curvature tensor and the Ricci scalar are determined. Taking all these
components and putting them together yields the Einstein curvature tensor of an object.
CONCLUSION

A non-zero Ricci Scalar based on Howusu Metric Tensor for all gravitational fields in nature
equation (54) was formulated, comparing Howusu’s Ricci scalar with the well-known
Schwarzschild’s Ricci scalar it was discovered that they acted alike at r = oo but differentat r =
0. The doors are henceforth open to more verification.
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