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ABSTRACT 

It is well-established in the literature that some magnetic field-related phenomena, 

such as Zeeman effect, have recently become particular significant in changing the 

behavior of some quantum system. Notably, degeneracy is eleiminated by the 

magnetic field. It has also recently been found that the Aharonov-Bohm (AB)-flux 

field serves this purpose when it is introduced to a quantum system. Therefore, in 

this research work, the effect of shifting parameters on the energy spectra of 

Hydrogen (H2), Lithium Hydride (LiH), Hydrogen Chloride (HCl), and Carbon (II) 

oxide (CO) diatomic molecules with shifted screened Kratzer potential model in the 

presence of magnetic and Aharonov-Bohm (AB)-flux fields are investigated using 

Extended Nikiforov-Uvarov (ENU) method. We obtained the energy equation in a 

closed form and its corresponding wave function in terms of hypergeometric 

polynomials respectively. The obtained energy equation are used to study the 

selected diatomic molecules. It is observed that the effect of shifting parameters 

influences the energy eigenvalues of diatomic molecules to becomes strongly 

negative or bound. From our finding, it could be concluded that to regulate the 

energy spectra of these diatomic molecules, the shifting parameters will do so 

greatly. This is because it has been established that, potential energy functions with 

more parameters are better than those with fewer parameters as they tend to fit 

experimental data.  It is also seen that the presence of magnetic and Aharonov-

Bohm (AB)-flux fields breaks degeneracy in the energy levels of diatomic 

molecules. As a special case, when the shifting parameters in the shifted screened 

Kratzer potential is set to zero, then the well-known Kratzer potential and screened 

Kratzer potential are recovered. Numerical results for the energy eigenvalues are 

also obtained for different quantum states. Our results are seen to agree with the 

results in literature. 

 

INTRODUCTION 

Calculating the energy eigenvalue and eigenfunction of 

diatomic molecules has attracted a lot of attention in 

some years back across many fields of physics, Bayrak 

et al. (2006). In the literature, numerous researchers 

have developed much interest over the years towards 

finding the solutions of relativistic and non-relativistic 

wave equations for different potential models. These 

include Deng–Fan Potential (Edet et al., 2022), 

Improved Ultra-Generalized Exponential Hyperbolic 

Potential (Ikot et al., 2021), Inverse Quadratic Yukawa 

Potential (Horchani et al., 2021), Modified Kratzer 

Potential (Onyenegecha et al., 2021), Screened Kratzer 

Potential (Ikot et al., 2020), Pseudoharmonic Potential 

(Ikot et al., 2020), Improved Kratzer Potential (Rampho 

et al., 2020), Kratzer Potential (Aygun et al., 2012), 

Manning-Rosen Potential (Hassanabadi et al., 2012; 

Ikhdair, 2012). 

Also, several researchers have used a variety of methods 

to obtain the solutions of the relativistic and non-

relativistic wave equations using a chosen potential 

model. These methods include the Nikiforov-Uvarov 

(NU) method (Nikiforov & Uvarov, 1988), Nikiforov-

Uvarov-Functional Analysis (NUFA) method (Ikot et 

al., 2021), Extended Nikiforov-Uvarov (ENU) method 

(Karayer et al., 2015), parametric NU method (Tezcan 

& Sever, 2009), formula method (Falaye et al., 2014), 

Nigerian Journal of Physics (NJP) 

ISSN: 1595-0611 

Volume 32(1), March 2023 

 

mailto:nuhuphysics@unimaid.edu.ng


Energy Spectra of Shifted Screened…  Ibrahim et al. NJP 

85 

         NIGERIAN JOURNAL OF PHYSICS   NJP VOLUME 32(1)          www.njp.nipngn.org 

Proper Quantization Rule (PQR) method (Serrano et al., 

2010). 

In most of the recent studies, there are many researchers 

in the literature that considered the influence of 

magnetic and Aharonov-Bohm (AB)-flux fields on 

quantum systems. For example, Aygun et al. (2012) 

obtained energy eigensolution of the Kratzer potential 

with and without the influence of an induced constant 

magnetic field for 2D Schrödinger equation using the 

asymptotic iteration method (Eshghi & Mehraban, 

2017). Under the radial scalar power potential, had 

studied particle confined by a magnetic and Aharonov-

Bohm (AB)-flux fields. Ikhdair et al. (2012), (Ikhdair & 

Hamzavi, 2012) had studied 2D harmonic and pseudo-

harmonic oscillators in the presence of external fields 

and calculate the energy spectrum and wave function of 

an electron. Khordad, (2010a & 2010b) and Cetin, 

(2008) examined various spectral properties of a 

charged particle confined by a harmonic oscillator under 

the effect of the external strong magnetic field and 

Aharonov-Bohm (AB) flux field produced by a solenoid 

and obtained the eigensolution. Ferkous & Bounames, 

(2013) has solved the 2D Pauli equation plus Hulthen 

potential for spin-1/2 particle under the influence of AB 

flux field. Ferkous et al. (2019) studied the interaction 

between spin and magnetic flux and obtained bound-

state energy eigenvalues for a spin-1/2 particle subjected 

to the modified Pöschl-Teller potential in the presence 

of Aharonov-Bohm field. 

Thus, the present research work, intends to investigate 

the effect of the Shifted Screened-Kratzer Potential 

(SSKP) model on the energy spectra of some selected 

diatomic molecules in the presence of magnetic and 

Aharonov-Bohm (AB) flux fields which has not been 

studied elsewhwere. The SSKP model (Ibrahim et al. 

2022) is given by 

𝑉(𝑟) = −2𝐷𝑒 (
𝑎

𝑟
−

𝑏

2𝑟2) (2𝜆 + 𝛾𝑒−𝛼𝑟) (1) 

where 𝐷𝑒  is the dissociation energy, 𝑎 = 𝑟𝑒 , 𝑏 = 𝑟𝑒
2, 𝑟𝑒  

being the equilibrium bond length, 𝛼 is the screening 

parameter, 𝜆and𝛾 are constants called ‘shifting 

parameters’, and they can be adjusted as desired. 

 

MATERIAL AND METHODS 

The Extended Nikiforov-Uvarov (ENU) method is an 

extension of Nikiforov-Uvarov method for solving any 

second-order linear differential equation which has at 

most four singular points (Karayer et al., 2015): The 

ENU method is given in the form: 

 𝜓𝑒
″(𝑠) +

�̃�𝑒(𝑠)

𝜎𝑒(𝑠)
𝜓𝑒

′ (𝑠) +
�̃�𝑒(𝑠)

𝜎𝑒
2(𝑠)

𝜓𝑒(𝑠) = 0  (2) 

where �̃�𝑒(𝑠), 𝜎𝑒(𝑠) and �̃�𝑒(𝑠) are polynomials of at 

most second, third and fourth degrees respectively. 

Equation (2) is called the basic equation of the ENU 

method. The subscript 𝑒stands for “extended”. To find 

the particular solution of Equation (2), we use the 

following transformation: 

𝜓𝑒(𝑠) = 𝜙𝑒(𝑠)𝑦𝑒(𝑠)   (3) 

which then reduces Equation (2) to an equation of 

hypergeometric-type equation, 

𝜎𝑒(𝑠)𝑦𝑒
″ + 𝜏𝑒(𝑠)𝑦𝑒

′ + ℎ(𝑠)𝑦𝑒 = 0  (4) 

where 

ℎ(𝑠) = ℎ𝑛(𝑠) = −
𝑛

2
𝜏𝑒
′ (𝑠) −

𝑛(𝑛−1)

6
𝜎𝑒
″(𝑠) + 𝐶𝑛 ,   𝑛 =

0,1,2, . . .,    (5)  

where 𝐶𝑛 are integrating constants and 𝜏𝑒(𝑠) is defined 

as: 

𝜏𝑒(𝑠) = �̃�𝑒(𝑠) + 2𝜋𝑒(𝑠)   (6) 

which must have a negative derivative. Equation (4) has 

polynomial solutions 𝑦𝑒(𝑠) that are given by the 

Rodrigues relation 

𝑦𝑛(𝑠) =
𝐵𝑛

𝜌(𝑠)

𝑑𝑛

𝑑𝑠𝑛
[𝜎𝑛(𝑠)𝜌(𝑠)]  (7) 

where 𝐵𝑛 is the normalization constant and 𝜌(𝑠) is 

called the density or weight function and must satisfy 

the condition 

(𝜎𝜌)′ = 𝜏𝜌    (8) 

The function 𝜙𝑒(𝑠) satisfies 
𝜙𝑒
′ (𝑠)

𝜙𝑒(𝑠)=
𝜋𝑒(𝑠)

𝜎𝑒(𝑠)

    (9) 

where 𝜋𝑒(𝑠) and the parameter ℎ(𝑠)are defined as: 

𝜋𝑒(𝑠) =
𝜎𝑒
′ (𝑠)−�̃�𝑒(𝑠)

2
±

√(
𝜎𝑒
′ (𝑠)−�̃�𝑒(𝑠)

2
)

2

− �̃�𝑒(𝑠) + 𝐺(𝑠)𝜎𝑒(𝑠) (10) 

and 

ℎ(𝑠) − 𝜋𝑒
′ (𝑠) = 𝑔(𝑠)   (11) 

Here, the function 𝜋𝑒(𝑠) is a polynomial of second 

degree unlike the conventional NU method that has a 

polynomial of first degree. Based on the ENU method, 

the determination of 𝐺(𝑠) is crucial in finding 𝜋𝑒(𝑠). It 
is determine by requiring the expression under the 

square root in Equation (10) to be a square of the second 

degree polynomial. 

Equating Equation (5) and Equation (11), we obtain the 

energy eigenvalue equation and for the eigenfunction 

equation can be acquired as follows: the functions 𝜙𝑒(𝑠) 

and 𝜌𝑒(𝑠) are calculated from Equation (8) and 

Equation (9) and substituting their values into Equation 

(3), then the eigenfunction equation can be obtained. 

 

Schrodinger Equation of the SSKP with Magnetic 

and AB Fields 

 A generalized form of the Schrodinger Equation (SE) 

for a charged particle moving under the influence of the 

vector potential 𝐴 is written as (Purohit et al., 2020; 

Rampho et al., 2020; Ikot et al., 2020; 2021): 

(𝑝 +
𝑒

𝑐
𝐴)

2

𝜓(𝑟, 𝜙) = 2𝜇[𝐸𝑛𝑚 − 𝑉(𝑟)]𝜓(𝑟, 𝜙)      (12)  

where 𝑒 and 𝜇 are the charge of the particle and reduced 

mass of the system respectively, 𝐸𝑛𝑚 is the energy 

eigenvalues, vector momentum 𝑝 = −𝑖ℏ�⃗⃗�, 𝑐is the 

velocity of light, vector potential and 𝑉(𝑟) scalar 
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potential. To indicate the magnetic field and AB-flux 

field together, we express the vector potential 𝐴 as a 

sum of two terms 𝐴 = 𝐴𝜙1
+ 𝐴𝜙2

having azimuthal 

components  

𝐴𝜙1
=

�⃗⃗�𝑒−𝛼𝑟

1−𝑒−𝛼𝑟 �̂� and 𝐴𝜙2
=

𝛷𝐴𝐵

2𝜋𝑟
�̂�  (13) 

where �⃗⃗� is the applied external magnetic field with 

1
,A B = 𝐴𝜙2

represents the additional magnetic 

flux 𝛷AB created by a solenoid with �⃗⃗� ⋅ 𝐴𝜙2
= 0. Then 

the vector potential can be written as: 

𝐴 = (
�⃗⃗�𝑒−𝛼𝑟

1−𝑒−𝛼𝑟 +
𝛷𝐴𝐵

2𝜋𝑟
) �̂�   (14) 

where �̂� is the direction of magnetic flux around the 

solenoid. Also, we assume a wavefunction in the 

cylindrical coordinates to be 𝜓(𝑟, 𝜙) =

(2𝜋𝑟)−
1

2𝑒𝑖𝑚𝜙𝜒𝑛𝑚(𝑟), where 𝑚 is the magnetic quantum 

number. Substituting Equations. (1) and (14) into 

Equation (12), we have 

(𝑖ℏ�⃗⃗� −
𝑒

𝑐
𝐴)

2

𝜓(𝑟, 𝜙) = 2𝜇 [𝐸𝑛𝑚 + 2𝐷𝑒 (
𝑎

𝑟
−

𝑏

2𝑟2) (2𝜆 + 𝛾𝑒−𝛼𝑟)] 𝜓(𝑟, 𝜙)    (15) 

For convenience, let us introduce 𝜅 = −
𝑒

𝑐
, so that Equation (15) becomes 

(𝑖ℏ�⃗⃗� + 𝜅𝐴)
2
𝜓(𝑟, 𝜙) = 2𝜇 [𝐸𝑛𝑚 + 2𝐷𝑒 (

𝑎

𝑟
−

𝑏

2𝑟2
) (2𝜆 + 𝛾𝑒−𝛼𝑟)] 𝜓(𝑟, 𝜙) 

(𝑖ℏ�⃗⃗� + 𝜅𝐴)
2
𝜓(𝑟, 𝜙) = 2𝜇 [𝐸𝑛𝑚 + 4𝐷𝑒𝑎𝜆

1

𝑟
− 2𝐷𝑒𝑏𝜆

1

𝑟2 + 2𝐷𝑒𝑎𝛾
𝑒−𝛼𝑟

𝑟
− 𝐷𝑒𝑏𝛾

𝑒−𝛼𝑟

𝑟2 ] 𝜓(𝑟, 𝜙)   (16) 

carrying out some algebraic calculations in Equation (16) we get the 2nd order differential equation (DE) given as 

follows: 

𝜒𝑛𝑚
″ (𝑟) +

[
 
 
 
 
2𝜇𝐸𝑛𝑚

ℏ
2 +

2𝜇

ℏ
2 (4𝐷𝑒𝑎𝜆

1

𝑟
− 2𝐷𝑒𝑏𝜆

1

𝑟2
+ 2𝐷𝑒𝑎𝛾

𝑒−𝛼𝑟

𝑟
− 𝐷𝑒𝑏𝛾

𝑒−𝛼𝑟

𝑟2
) +

1

4𝑟2
−

𝑚2

𝑟2

+
2𝑚𝜅�⃗⃗�𝑒−𝛼𝑟

ℏ(1 − 𝑒−𝛼𝑟)𝑟
+

𝑚𝜅𝛷𝐴𝐵

ℏ𝜋𝑟2
−

𝜅2�⃗⃗�2𝑒−2𝛼𝑟

ℏ
2(1 − 𝑒−𝛼𝑟)2

−
𝜅2�⃗⃗�𝛷𝐴𝐵𝑒−𝛼𝑟

ℏ
2(1 − 𝑒−𝛼𝑟)𝜋𝑟

−
𝜅2𝛷𝐴𝐵

2

4𝜋2ℏ
2𝑟2 ]

 
 
 
 

𝜒𝑛𝑚(𝑟) = 0 

(17) 

Equation (17) is a complicated differential equation that cannot be solvable easily due to the presence of centrifugal 
1

𝑟2  as well as reciprocal 
1

𝑟
 terms. For analytical approximate solution with this potential for ℓ ≠ 0, we employ the 

Greene-Aldrich approximation scheme (Greene and Aldrich, 1976) to bypass these terms. This approximation is 

given by: 
1

𝑟2 ≈
𝛼2

(1−𝑒−𝛼𝑟)2
, ⇒

1

𝑟
≈

𝛼

(1−𝑒−𝛼𝑟)
         (18) 

Equation (18) ceases to exist as an appropriate approximation to the centrifugal term once the screening parameter 𝛼 

is big because it is for a short-range potential. Consequently, the approximation is useable when 𝛼𝑟 ≪ 1. Employing 

the approximation term of Equation (18) into Equation (17) we have: 

𝜒𝑛𝑚
″ (𝑟) + [

2𝜇𝐸𝑛𝑚

ℏ
2 +

8𝜇𝛼𝐷𝑒𝑎𝜆

ℏ
2(1−𝑒−𝛼𝑟)

−
4𝜇𝛼2𝐷𝑒𝑏𝜆

ℏ
2(1−𝑒−𝛼𝑟)2

+
4𝜇𝛼𝐷𝑒𝑎𝛾

ℏ
2

𝑒−𝛼𝑟

(1−𝑒−𝛼𝑟)
−

2𝜇𝛼2𝐷𝑒𝑏𝛾

ℏ
2

𝑒−𝛼𝑟

(1−𝑒−𝛼𝑟)2

+
2𝑚𝜅

ℏ
(

𝛼�⃗⃗�𝑒−𝛼𝑟

(1−𝑒−𝛼𝑟)2
) −

𝜅2�⃗⃗�2𝑒−2𝛼𝑟

ℏ
2(1−𝑒−𝛼𝑟)2

−
𝜅2𝛼�⃗⃗�𝛷𝐴𝐵𝑒−𝛼𝑟

ℏ
2(1−𝑒−𝛼𝑟)2𝜋

−
[(𝑚+𝜏)2−

1

4
]𝛼2

(1−𝑒−𝛼𝑟)2

] 𝜒𝑛𝑚(𝑟) = 0  (19) 

where we have defined the following parameters as 𝜙0 =
ℎ𝑐

𝑒
 and  𝜏 =

𝛷𝐴𝐵

𝜙0
. 

Now introducing the ENU method of Equation (2) into Equation (19) with the following coordinate transformation 

𝑠 = 𝑒−𝛼𝑟 , we have 

𝑑2𝜒𝑛𝑚(𝑟)

𝑑𝑠2 +
1

𝑠

𝑑𝜒𝑛𝑚(𝑟)

𝑑𝑠
+

1

𝑠2 [

2𝜇𝐸𝑛𝑚

ℏ
2𝛼2 +

8𝜇𝐷𝑒𝑎𝜆

ℏ
2𝛼(1−𝑠)

−
4𝜇𝐷𝑒𝑏𝜆

ℏ
2(1−𝑠)2

+
4𝜇𝐷𝑒𝑎𝛾

ℏ
2𝛼

𝑠

(1−𝑠)
−

2𝜇𝐷𝑒𝑏𝛾

ℏ
2

𝑠

(1−𝑠)2

+
2𝑚𝜅

ℏ
(

�⃗⃗�𝑠

𝛼(1−𝑠)2
) −

𝜅2�⃗⃗�2𝑠2

ℏ
2𝛼2(1−𝑠)2

−
𝜅2�⃗⃗�𝛷𝐴𝐵𝑠

ℏ
2𝛼(1−𝑠)2𝜋

−
[(𝑚+𝜏)2−

1

4
]

(1−𝑠)2

] 𝜒𝑛𝑚(𝑟) = 0   (20) 

To make Equation (20) solvable with ENU method, let’s introduce the following dimensionless parameters 

𝜀𝑛𝑚 = −
2𝜇𝐸𝑛𝑚

ℏ
2𝛼2

, 𝛿1 =
8𝜇𝐷𝑒𝑎𝜆

ℏ
2𝛼

, 𝛿2 =
4𝜇𝐷𝑒𝑏𝜆

ℏ
2 , 𝛿3 =

4𝜇𝐷𝑒𝑎𝛾

ℏ
2𝛼

, 

𝛿4 =
2𝜇𝐷𝑒𝑏𝛾

ℏ
2 , 𝛿5 =

2𝑚𝜅�⃗⃗�

ℏ𝛼
, 𝛿6 =

𝜅2�⃗⃗�2

ℏ
2𝛼2 , 𝛿7 =

𝜅2�⃗⃗�𝛷𝐴𝐵

ℏ
2𝛼𝜋

, 𝛿8 = (𝑚 + 𝜏)2 −
1

4
     (21) 

and for mathematical simplicity and convenience Equation (21) becomes: 

𝑑2𝜒𝑛𝑚(𝑟)

𝑑𝑠2
+

(1 − 𝑠)

𝑠(1 − 𝑠)

𝑑𝜒𝑛𝑚(𝑟)

𝑑𝑠
+

1

𝑠2(1 − 𝑠)2
[
−(𝜀𝑛𝑚 + 𝛿3 + 𝛿6)𝑠

2 + (2𝜀𝑛𝑚 − 𝛿1 + 𝛿3 − 𝛿4 + 𝛿5 − 𝛿7)

−(𝜀𝑛𝑚 − 𝛿1 + 𝛿2 + 𝛿8)
] 𝜒𝑛𝑚(𝑟)

= 0 

(22) 
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Therefore, comparing Equation (22) with the ENU method of Equation (2), then we have the following polynomials 

of 1st and 2nd degree as: 

�̃�𝑒(𝑠) = 1 − 𝑠           (23) 

𝜎𝑒(𝑠) = 𝑠(1 − 𝑠)           (24) 

�̃�𝑒(𝑠) = −(𝜀𝑛𝑚 + 𝛿3 + 𝛿6)𝑠
2 + (2𝜀𝑛𝑚 − 𝛿1 + 𝛿3 − 𝛿4 + 𝛿5 − 𝛿7) − (𝜀𝑛𝑚 − 𝛿1 + 𝛿2 + 𝛿8)  (25) 

Substituting Eqs. (23) - (25) into Equation (10), we obtain 𝜋𝑒(𝑠) to be 

𝜋𝑒(𝑠) = −
𝑠

2
± √

−𝑃𝑠3 + (
1

4
+ 𝜀𝑛𝑚 + 𝛿3 + 𝛿6 + 𝑃 − 𝑄) 𝑠2 − (2𝜀𝑛𝑚 − 𝛿1 + 𝛿3 − 𝛿4 + 𝛿5 − 𝛿7 − 𝑄)𝑠

+(𝜀𝑛𝑚 − 𝛿1 + 𝛿2 + 𝛿8)
 (26) 

The function 𝐺(𝑠) = 𝑃𝑠 + 𝑄is chosen such as the function under the root has the form: (𝐴 + 𝐵𝑠 + 𝐶𝑠2)2, i.e., 

𝜋𝑒(𝑠) = −
𝑠

2
± √(𝐴 + 𝐵𝑠 + 𝐶𝑠2)2         (27) 

Then we obtain the following five sets of solutions: 

𝐶2 = 0             (28) 

2𝐵𝐶 = −𝑃           (29) 

𝐵2 + 2𝐴𝐶 =
1

4
+ 𝜀𝑛𝑚 + 𝛿3 + 𝛿6 + 𝑃 − 𝑄        (30) 

2𝐴𝐵 = −2𝜀𝑛𝑚 + 𝛿1 − 𝛿3 + 𝛿4 − 𝛿5 + 𝛿7 + 𝑄       (31) 

𝐴2 = 𝜀𝑛𝑚 − 𝛿1 + 𝛿2 + 𝛿8          (32) 

𝐴 = ±√𝜀𝑛𝑚 − 𝛿1 + 𝛿2 + 𝛿8         (33) 

From which it is clear that 𝐶 = 0 and 𝑃 = 0. Then 𝐺(𝑠) = 𝑄(𝑠)and adding Eqs. (28) - (31) and (33), we obtain: 

𝐵 = ±√
1

4
+ 𝛿2 + 𝛿4 − 𝛿5 + 𝛿6 + 𝛿7 + 𝛿8 ∓ √𝜀𝑛𝑚 − 𝛿1 + 𝛿2 + 𝛿8      (34) 

and 

𝑄 = ∓2(𝛿2 + 𝛿8) + 𝛿1 + 𝛿3 − 𝛿4 + 𝛿5 − 𝛿7 ∓ 2√𝜀𝑛𝑚 − 𝛿1 + 𝛿2 + 𝛿8√
1

4
+ 𝛿2 + 𝛿4 − 𝛿5 + 𝛿6 + 𝛿7 + 𝛿8  

(35) 

From the knowledge of ENU method, we choose the negative derivative of 𝜋𝑒(𝑠) and 𝜏𝑒(𝑠). This is given by: 

𝜋𝑒
′ (𝑠)− = −

1

2
− 𝐵−           (36) 

and 

𝜏𝑒
′ (𝑠)− = −2 − 2𝐵−          (37) 

Substituting Equation (36) into Equation (11) with 𝐺(𝑠) = 𝑄−(𝑠) and also Eqs. (37) and (24) into (5), we have: 

ℎ(𝑠) = 𝑄 −
1

2
− 𝐵          (38) 

ℎ𝑛(𝑠) = −𝑛𝜏𝑒
′ (𝑠) −

𝑛(𝑛−1)

2
𝜎″(𝑠)         (39) 

Equating Eqs. (39) and (40) gives:  

ℎ(𝑠) = ℎ𝑛(𝑠) = 𝐺(𝑠) + 𝜋𝑒
′ (𝑠) = −𝑛𝜏𝑒

′ (𝑠) −
𝑛(𝑛−1)

2
𝜎″(𝑠)      (40) 

and carrying out some algebra yields the energy eigenvalue equation of the SSKP in the form: 

𝜀𝑛𝑚 = 𝛿1 − 𝛿2 − 𝛿8 + [
(𝑛+

1

2
+√

1

4
+𝛿2+𝛿4−𝛿5+𝛿6+𝛿7+𝛿8)

2

−𝛿1+𝛿2+𝛿3+𝛿6−𝛿8

2(𝑛+
1

2
+√

1

4
+𝛿2+𝛿4−𝛿5+𝛿6+𝛿7+𝛿8)

]

2

     (41) 

Substituting the values of dimensionless parameters of Equation (21) into Equation (41) we obtained the analytical 

energy equation explicitly as: 

𝐸𝑛𝑚 = 2𝛼2𝐷𝑒𝑏𝜆 − 4𝛼𝐷𝑒𝑎𝜆 

+
ℏ
2𝛼2

2𝜇
[(𝑚 + 𝜏)2 −

1

4
] −

ℏ
2𝛼2

2𝜇

[
 
 
 
 
 
 (𝑛+

1

2
+√2𝜇𝐷𝑒𝑏(2𝜆+𝛾)

ℏ
2 −

2𝑚𝜅�⃗⃗⃗�

ℏ𝛼
+

𝜅2�⃗⃗⃗�2

ℏ
2𝛼2

+
𝜅2�⃗⃗⃗�𝛷𝐴𝐵

ℏ
2𝛼𝜋

+(𝑚+𝜏)2)

2

+

4𝜇𝐷𝑒𝑎(𝛾−2𝜆)

ℏ
2𝛼

+
4𝜇𝐷𝑒𝑏𝜆

ℏ
2 +

𝜅2�⃗⃗⃗�2

ℏ
2𝛼2

−[(𝑚+𝜏)2−
1

4
]

2(𝑛+
1

2
+√2𝜇𝐷𝑒𝑏(2𝜆+𝛾)

ℏ
2 −

2𝑚𝜅�⃗⃗⃗�

ℏ𝛼
+

𝜅2�⃗⃗⃗�2

ℏ
2𝛼2

+
𝜅2�⃗⃗⃗�𝛷𝐴𝐵

ℏ
2𝛼𝜋

+(𝑚+𝜏)2)

]
 
 
 
 
 
 
2

    (42) 

To the best of our knowledge, this result is new and this makes the research work novel. 
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Since the result obtained in Equation (42) is new and there is no available literature with which to compare this 

study with, we therefore, investigate the special case by carrying out an appropriate adjustment to the SSKP 

parameters which reduced to the standard Kratzer potential and the screened Kratzer potential. 

Now setting the shifted parameters 𝜆 = 0, 𝛾 = 1 and 𝛼 → 0 of equation (1) reduces to Kratzer potential given as: 

𝑉(𝑟) = −2𝐷𝑒 (
𝑎

𝑟
−

𝑏

2𝑟2)          (43) 

Its corresponding energy eigenvalue is obtained as:  

𝐸𝑛𝑙 = −2𝜇𝐷𝑒
2𝑎2 [𝑛 +

1

2
+ √

2𝜇𝐷𝑒𝑏

ℏ
2 + ℓ(ℓ + 1)]

−2

        (44) 

Equation (44) is very consistent with the result obtained in Equation (8) and Equation (28) of Bayrak et al. (2007) 

and (Ikhdair & Sever, 2009). 

 

Now setting the shifted parameters 𝜆 = 0 and 𝛾 = 1 of equation (1) reduces to Screened Kratzer potential given as: 

𝑉(𝑟) = −2𝐷𝑒 (
𝑎

𝑟
−

𝑏

2𝑟2) 𝑒−𝛼𝑟         (45) 

and its corresponding energy eigenvalue is obtained as:  

𝐸𝑛ℓ =
ℏ
2𝛼2ℓ(ℓ+1)

2𝜇
−

ℏ
2𝛼2

2𝜇
[
(𝑛+

1

2
+√

1

4
+

2𝜇𝐷𝑒𝑏

ℏ
2 +ℓ(ℓ+1))

2

+
4𝜇𝐷𝑒𝑎

ℏ
2𝛼

−ℓ(ℓ+1)

2(𝑛+
1

2
+√

1

4
+

2𝜇𝐷𝑒𝑏

ℏ
2 +ℓ(ℓ+1))

]

2

        (46) 

The result obtained in Equation (46) is consistent with the result obtained in Equation (29) of Ikot et al. (2019). 

 

The corresponding wavefunction can be evaluated by substituting 𝜋𝑒(𝑠)− and 𝜎𝑒(𝑠)− from Equations. (24) and (27) 

respectively, into Equation (9) and solving the first-order differential equation. This gives: 

𝜙(𝑠) = 𝑠√𝜀𝑛𝑚−𝛿1+𝛿2+𝛿8(1 − 𝑠)
1

2
+√

1

4
+𝛿2+𝛿4−𝛿5+𝛿6+𝛿7+𝛿8

       (47) 

The weight function 𝜌(𝑠) from Equation (8), can be obtained as: 

𝜌(𝑠) = 𝑠2√𝜀𝑛𝑚−𝛿1+𝛿2+𝛿8(1 − 𝑠)
2√

1

4
+𝛿2+𝛿4−𝛿5+𝛿6+𝛿7+𝛿8

      (48) 

From the Rodrigues relation of Equation (7), we obtain: 

𝑦𝑛𝑚(𝑠) = 𝐵𝑚𝑛𝑠−2√𝜀𝑛𝑚−𝛿1+𝛿2+𝛿8(1 − 𝑠)
−2√1

4
+𝛿2+𝛿4−𝛿5+𝛿6+𝛿7+𝛿8  

×
𝑑𝑛

𝑑𝑠𝑛 [𝑠𝑛+2√𝜀𝑛𝑚−𝛿1+𝛿2+𝛿8(1 − 𝑠)
𝑛+2√

1

4
+𝛿2+𝛿4−𝛿5+𝛿6+𝛿7+𝛿8

]      (49) 

In terms of the Jacobi polynomial, Equation (49) can be written as: 

𝑦𝑛𝑚(𝑠) = 𝐵𝑚𝑛𝑃𝑛

(2√𝜀𝑛𝑚−𝛿1+𝛿2+𝛿8,2√
1

4
+𝛿2+𝛿4−𝛿5+𝛿6+𝛿7+𝛿8)

(1 − 2𝑠)     (50) 

where 𝑃𝑛
(𝜃,𝜗)

 is the Jacobi polynomial. 

Substituting 𝜙(𝑠) and 𝑦𝑛𝑚(𝑠) from Eqs. (47) and (50) respectively, into Equation (3), we obtain 

𝜓(𝑠) = 𝐵𝑚𝑛𝑠2√𝜀𝑛𝑚−𝛿1+𝛿2+𝛿8(1 − 𝑠)𝐺𝑃𝑛

(2√𝜀𝑛𝑚−𝛿1+𝛿2+𝛿8,2𝐺−1)
(1 − 2𝑠)     (51) 

where 

𝐺 =
1

2
+ √

1

4
+ 𝛿2 + 𝛿4 − 𝛿5 + 𝛿6 + 𝛿7 + 𝛿8        (52) 

and 𝐵𝑚𝑛 is the normalization constant. 

From the definition of the Jacobi polynomials (Abramowitz & Stegun, 1964), 𝑃𝑛
(𝜃,𝜗)

 is defined as 

𝑃𝑛
(𝜃,𝜗)(𝜔) =

𝛤(𝑛+𝜃+1)

𝑛!𝛤(𝜃+1)
𝐹2 1 (−𝑛, 𝜃 + 𝜗 + 𝑛 + 1, 𝜃 + 1;

1−𝜔

2
)      (53) 

In terms of hypergeometric polynomials, Equation (51) which is a total wavefunction can be written as 

𝜓(𝑠) = 𝐵𝑛𝑚𝑠√𝜀𝑛𝑚−𝛿1+𝛿2+𝛿8(1 − 𝑠)𝐺
𝛤(𝑛 + 2√𝜀𝑛𝑚 − 𝛿1 + 𝛿2 + 𝛿8 + 1)

𝑛! 𝛤(2√𝜀𝑛𝑚 − 𝛿1 + 𝛿2 + 𝛿8 + 1)
𝐹2 1 

(−𝑛, 2√𝜀𝑛𝑚 − 𝛿1 + 𝛿2 + 𝛿8 + 2𝐺 + 𝑛, 2√𝜀𝑛𝑚 − 𝛿1 + 𝛿2 + 𝛿8 + 1; 𝑠)     (54) 

In order to find the normalization constant, we write the radial wavefunction as 

|𝜓(𝑠)|2 = 𝐵𝑛𝑚
2 𝑠2√𝜀𝑛𝑚−𝛿1+𝛿2+𝛿8(1 − 𝑠)2𝐺 [𝑃𝑛

(2√𝜀𝑛𝑚−𝛿1+𝛿2+𝛿8,2𝐺−1)
(1 − 2𝑠)]

2

,    𝑠 = 𝑒−𝛼𝑟   (55) 

Equation (55) also represent the probability density 𝜌(𝑠). Effecting the normalization condition, given by 
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∫ |𝜓(𝑠)|2𝑑𝑟 = 1
∞

0
           (56) 

we have that 

−
𝐵𝑛𝑚

2

𝛼
∫ 𝑠2√𝜀𝑛𝑚−𝛿1+𝛿2+𝛿8(1 − 𝑠)2𝐺 [𝑃𝑛

(2√𝜀𝑛𝑚−𝛿1+𝛿2+𝛿8,2𝐺−1)
(1 − 2𝑠)]

2
0

1

𝑑𝑠

𝑠
= 1,  𝑠 = 𝑒−𝛼𝑟  (57) 

Carrying out a coordinate transformation as 𝑧 = 1 − 2𝑠, Equation (57) becomes: 

𝐵𝑛𝑚
2

2𝛼
∫ (

1−𝑧

2
)

2√𝜀𝑛𝑚−𝛿1+𝛿2+𝛿8
(

1+𝑧

2
)

2𝐺

[𝑃𝑛

(2√𝜀𝑛𝑚−𝛿1+𝛿2+𝛿8,2𝐺−1)
(𝑧)]

2
1

−1
𝑑𝑧 = 1    (58) 

Using the integral standard (Gradshteyn and Ryzhik, 2007) 

 ∫ (
1−𝑡

2
)

𝑎

(
1+𝑡

2
)

𝑏

[𝑃𝑛
(𝑎,𝑏−1)(𝑡)]

21

−1
𝑑𝑡 =

2𝑎+𝑏+1𝛤(𝑎+𝑛+1)𝛤(𝑏+𝑛+1)

𝑛!𝛤(𝑎+𝑏+𝑛+1)𝛤(𝑎+𝑏+2𝑛+1)
     

 (59) 

We have the normalization constant in Equation (58) as: 

𝐵𝑛𝑚 = √
2𝛼(𝑛!)𝛤(1+𝑛+2𝐺+2√𝜀𝑛𝑚−𝛿1+𝛿2+𝛿8)𝛤(1+2𝑛+2𝐺)+2√𝜀𝑛𝑚−𝛿1+𝛿2+𝛿8

2(1+2𝐺+2√𝜀𝑛𝑚−𝛿1+𝛿2+𝛿8)𝛤(1+𝑛+2√𝜀𝑛𝑚−𝛿1+𝛿2+𝛿8)𝛤(1+𝑛+2𝐺)
     (60) 

 

RESULTS AND DISCUSSION 

In this section, we use the energy spectrum of equation 

(42) for this research work to study the numerical 

computation of energy spectra and graphical results for 

four diatomic molecules 𝐻2, LiH, HCl and CO. Table 1 

shows the spectroscopic parameters for the four 

diatomic molecules as our input. Tables 2 – 13 shows 

the energy spectra for SSKP model for four diatomic 

molecules 𝐻2, LiH, HCl and CO in the presence of 

magnetic field, �⃗⃗� = 0.0001T, AB-flux field 𝛷AB =
0.0001𝑇 for 1 Gauss and shifting parameters (𝜆, 𝛾) =

(0,0), (𝜆, 𝛾) = (1,0)and (𝜆, 𝛾) = (0,1) with distinct 

values of the vibrational quantum number 0 ≤ 𝑛 ≤ 3 

and magnetic quantum number −1 ≤ 𝑚 ≤ 1 for 

constant values of the other parameters 𝑒 = 𝑐 = ℎ =
𝜙 = 1in natural units computed using Equation (42). It 

is worthy to mention in this research work that the 

following conversions have been adopted throughout 

our computations: ℏ𝑐 = 1973.269eVȦand 1𝑎.𝑚. 𝑢 =
931.494028MeV𝑐−2.  

 

Table 1: Spectroscopic Parameters for the Diatomic Molecule Systems Nasser et al. (2007) 

Molecules 𝑫𝒆(𝒆𝑽) 𝒓𝒆(𝑨
∘

) 𝝁(𝒂.𝒎. 𝒖. ) 𝜶(𝑨
∘

−𝟏) 

𝑯𝟐 4.7446 0.7416 0.50391 1.9426 

𝑳𝒊𝑯 2.5152672118 1.5956 0.8801221 1.1280 

𝑯𝑪𝒍 4.619030905 1.2746 0.9801045 1.8677 

𝑪𝑶 11.2256 1.1283 6.8606719 2.2994 
 

 

Table 2: Numerical Energy Eigenvalues for the Shifted Screened Kratzer Potential model for 𝑯𝟐 diatomic 

molecule for (𝝀, 𝜸) = (𝟎, 𝟎). 
𝒎 𝒏          𝑩 = 𝟎, 

       𝜱AB = 𝟎 

𝑩 = 𝟎. 𝟎𝟎𝟎𝟏, 
    𝜱AB = 𝟎 

       𝑩 = 𝟎, 
𝜱AB = 𝟎. 𝟎𝟎𝟎𝟏 

  𝑩 = 𝟎. 𝟎𝟎𝟎𝟏, 
𝜱AB = 𝟎. 𝟎𝟎𝟎𝟏 

 

 

-1 

0 

1 

2 

3 

  0.007826283130 

−0.007200180490 

−0.03050653224 

−0.06174067810 

−0.9386111768 

−0.9396111798 

−0.9667571448 

−1.013310073 

  0.007823152782 

−0.007202759860 

−0.03050840304 

−0.06174179870 

−0.9817350233 

−1.034292724 

−1.101352595 

−1.180895945 

      

 

 

0 

0 

1 

2 

3 

−0.007826283140 

−0.01478297926 

−0.03036597858 

−0.05382566158 

−0.9699763456 

−0.9957247046 

−1.041266037 

−1.102567380 

−0.007826282982 

−0.01478413849 

−0.03036793181 

−0.05382839945 

−1.048398762 

−1.111541465 

−1.187732205 

−1.275478095 

      

 

 

1 

0 

1 

2 

3 

  0.007826283130 

−0.007200180490 

−0.03050653224 

−0.06174067810 

−0.9667571448 

−1.013310073 

−1.075367096 

−1.150540997 

  0.007829413810 

−0.007197600770 

−0.03050466103 

−0.06173955707 

−1.070819448 

−1.145178030 

−1.231209334 

−1.327873264 
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Table 3: Numerical Energy Eigenvalues of the Shifted Screened Kratzer Potential model for LiH diatomic 

molecule for (𝝀, 𝜸) = (𝟎, 𝟎). 
𝒎 𝒏        𝑩 = 𝟎, 

     𝜱AB = 𝟎 

𝑩 = 𝟎. 𝟎𝟎𝟎𝟏, 
    𝜱AB = 𝟎 

       𝑩 = 𝟎, 
𝜱AB = 𝟎. 𝟎𝟎𝟎𝟏 

  𝑩 = 𝟎. 𝟎𝟎𝟎𝟏, 
𝜱AB = 𝟎. 𝟎𝟎𝟎𝟏 

 

 

-1 

0 

1 

2 

3 

   0.001510834999 

 −0.001389968201 

 −0.005889173162 

 −0.01191880944 

−0.5450611265 

−0.5451732235 

−0.5507152100 

−0.5607374000 

  0.001510230696 

−0.001390466136 

−0.005889534310 

−0.01191902576 

−0.5540913729 

−0.5656479434 

−0.5807971880 

−0.5990982298 

      

 

 

0 

0 

1 

2 

3 

 −0.001510834999 

 −0.002853799444 

 −0.005862039794 

 −0.01039084479 

−0.5511084760 

−0.5564694055 

−0.5663434580 

−0.5800445875 

−0.001510834969 

−0.002854023232 

−0.005862416864 

−0.01039137332 

−0.5692328971 

−0.5837532354 

−0.6015027559 

−0.6221331900 

      

 

 

1 

0 

1 

2 

3 

   0.001510834999 

 −0.001389968201 

 −0.005889173162 

 −0.01191880944 

−0.5507152100 

−0.5607374000 

−0.5745612690 

−0.5916915895 

  0.001511439364 

−0.001389470195 

−0.005888811932 

−0.01191859304 

−0.5761343545 

−0.5935739403 

−0.6139202155 

−0.6369021474 

 

Table 4: Numerical Energy Eigenvalues of the Shifted Screened Kratzer Potential model for HCl diatomic 

molecule (𝝀, 𝜸) = (𝟎, 𝟎). 
𝒎 𝒏         𝑩 = 𝟎, 

      𝜱AB = 𝟎 

  𝑩 = 𝟎. 𝟎𝟎𝟎𝟏, 
    𝜱AB = 𝟎 

      𝑩 = 𝟎, 
𝜱AB = 𝟎. 𝟎𝟎𝟎𝟏 

  𝑩 = 𝟎. 𝟎𝟎𝟎𝟏, 
𝜱AB = 𝟎. 𝟎𝟎𝟎𝟏 

 

 

-1 

0 

1 

2 

3 

    0.003719491906 

  −0.003421932555 

  −0.01449842764 

  −0.02934265838 

−0.4833672175 

−0.4838241519 

−0.4967893891 

−0.5191201416 

   0.003718004181 

 −0.003423158420 

 −0.01449931676 

 −0.02934319096 

−0.5040044184 

−0.5292564258 

−0.5615365123 

−0.5998674527 

      

 

 

0 

0 

1 

2 

3 

  −0.003719491908 

  −0.007025706934 

  −0.01443162859 

  −0.02558099536 

−0.4982716219 

−0.5105898860 

−0.5324473545 

−0.5619330100 

 −0.003719491834 

 −0.007026257875 

 −0.01443255689 

 −0.02558229656 

−0.5361136185 

−0.5665516267 

−0.6033046445 

−0.6456473010 

      

 

 

1 

0 

1 

2 

3 

    0.003719491906 

  −0.003421932555 

  −0.01449842764 

  −0.02934265838 

−0.4967893891 

−0.5191201416 

−0.5489624271 

−0.5851651896 

   0.003720979781 

 −0.003420706520 

 −0.01449753834 

 −0.02934212562 

−0.5472252375 

−0.5831150517 

−0.6246520800 

−0.6713263233 

 

Table 5: Numerical Energy Eigenvalues of the Shifted Screened Kratzer Potential model for CO diatomic 

molecule for (𝝀, 𝜸) = (𝟎, 𝟎). 
𝒎 𝒏        𝑩 = 𝟎, 

      𝜱AB = 𝟎 

𝑩 = 𝟎. 𝟎𝟎𝟎𝟏, 
     𝜱AB = 𝟎 

      𝑩 = 𝟎, 
𝜱AB = 𝟎. 𝟎𝟎𝟎𝟏 

  𝑩 = 𝟎. 𝟎𝟎𝟎𝟏, 
𝜱AB = 𝟎. 𝟎𝟎𝟎𝟏 

 

 

-1 

0 

1 

2 

3 

   0.0008053861691 

 −0.0007409552770 

 −0.003139362416 

 −0.006353602006 

−0.06833843935 

−0.06846024685 

−0.07119015800 

−0.07578226600 

  0.0008050640312 

−0.0007412207140 

−0.003139554938 

−0.006353717324 

−0.07263830140 

−0.07778662562 

−0.08430588777 

−0.09200772827 

      

 

 

0 

0 

1 

2 

3 

 −0.0008053861696 

 −0.001521284988 

 −0.003124898339 

 −0.005539084475 

−0.07156854413 

−0.07413832288 

−0.07862006498 

−0.08459856998 

−0.0008053861535 

−0.001521404283 

−0.003125099343 

−0.005539366224 

−0.07909844946 

−0.08519751033 

−0.09254021322 

−0.1009889628 

      

 

 

1 

0 

1 

2 

   0.0008053861691 

 −0.0007409552770 

 −0.003139362416 

−0.07119015800 

−0.07578226600 

−0.08184004350 

  0.0008057083402 

−0.0007406898030 

−0.003139169855 

−0.08098905092 

−0.08813593954 

−0.09639898133 



Energy Spectra of Shifted Screened…  Ibrahim et al. NJP 

91 

         NIGERIAN JOURNAL OF PHYSICS   NJP VOLUME 32(1)          www.njp.nipngn.org 

3  −0.006353602006 −0.08913689000 −0.006353486650 −0.1056862327 

 

Table 6: Numerical Energy Eigenvalues of the Shifted Screened Kratzer Potential model for 𝑯𝟐 diatomic 

molecule for (𝝀, 𝜸) = (𝟏, 𝟎). 
𝒎 𝒏        𝑩 = 𝟎, 

     𝜱AB = 𝟎 

  𝑩 = 𝟎. 𝟎𝟎𝟎𝟏, 
     𝜱AB = 𝟎 

     𝑩 = 𝟎, 
𝜱AB = 𝟎. 𝟎𝟎𝟎𝟏 

𝑩 = 𝟎. 𝟎𝟎𝟎𝟏, 
𝜱AB = 𝟎. 𝟎𝟎𝟎𝟏 

 

 

-1 

0 

1 

2 

3 

−9.596500041 

−9.843452524 

−10.10123885 

−10.36955443 

−10.06789445 

−10.33038152 

−10.60284460 

−10.88506941 

−9.596503464 

−9.843455947 

−10.10124227 

−10.36955785 

−10.20325931 

−10.47096724 

−10.74853614 

−11.03576582 

      

 

 

0 

0 

1 

2 

3 

−9.613621172 

−9.860576362 

−10.11835768 

−10.38666122 

−10.14117768 

−10.40582984 

−10.68040254 

−10.96468809 

−9.613621171 

−9.860576361 

−10.11835768 

−10.38666122 

−10.27691658 

−10.54673151 

−10.82635610 

−11.11559615 

      

 

 

1 

0 

1 

2 

3 

−9.596500041 

−9.843452524 

−10.10123885 

−10.36955443 

−10.17972230 

−10.44653463 

−10.72322721 

−11.00959749 

−9.596496618 

−9.843449097 

−10.10123542 

−10.36955101 

−10.31572936 

−10.58765141 

−10.86934624 

−11.16062429 

 

Table 7: Numerical Energy Eigenvalues of the Shifted Screened Kratzer Potential model for LiH diatomic 

molecule for (𝝀, 𝜸) = (𝟏, 𝟎). 
𝒎 𝒏    𝑩 = 𝟎, 

  𝜱AB = 𝟎 

𝑩 = 𝟎. 𝟎𝟎𝟎𝟏, 
    𝜱AB = 𝟎 

     𝑩 = 𝟎, 
𝜱AB = 𝟎. 𝟎𝟎𝟎𝟏 

𝑩 = 𝟎. 𝟎𝟎𝟎𝟏, 
𝜱AB = 𝟎. 𝟎𝟎𝟎𝟏 

 

 

-1 

0 

1 

2 

3 

−5.082996304 

−5.194148314 

−5.306862990 

−5.421137652 

−5.448840002 

−5.562276436 

−5.677247564 

−5.793752166 

−5.082997034 

−5.194149040 

−5.306863713 

−5.421138373 

−5.498169177 

−5.612275690 

−5.727916354 

−5.845089986 

      

 

 

0 

0 

1 

2 

3 

−5.086611601 

−5.197757360 

−5.310465629 

−5.424733737 

−5.472890492 

−5.586597007 

−5.701837881 

−5.818611919 

−5.086611601 

−5.197757360 

−5.310465629 

−5.424733737 

−5.522221959 

−5.636596852 

−5.752505575 

−5.869946965 

      

 

 

1 

0 

1 

2 

3 

−5.082996304 

−5.194148314 

−5.306862990 

−5.421137652 

−5.489613088 

−5.603603689 

−5.719128534 

−5.836186430 

−5.082995583 

−5.194147595 

−5.306862270 

−5.421136933 

−5.538944373 

−5.653601642 

−5.769792629 

−5.887516178 

 

Table 8: Numerical Energy Eigenvalues of the Shifted Screened Kratzer Potential model for HCl diatomic 

molecule for (𝝀, 𝜸) = (𝟏, 𝟎). 
𝒎 𝒏       𝑩 = 𝟎, 

    𝜱AB = 𝟎 

  𝑩 = 𝟎. 𝟎𝟎𝟎𝟏, 
    𝜱AB = 𝟎 

     𝑩 = 𝟎, 
𝜱AB = 𝟎. 𝟎𝟎𝟎𝟏 

  𝑩 = 𝟎. 𝟎𝟎𝟎𝟏, 
𝜱AB = 𝟎. 𝟎𝟎𝟎𝟏 

 

 

-1 

0 

1 

2 

3 

−9.383605322 

−9.691693672 

−10.00376679 

−10.31981264 

−9.761011942 

−10.06936370 

−10.38172832 

−10.69809248 

−9.383607330 

−9.691695650 

−10.00376878 

−10.31981461 

−9.832687736 

−10.14197815 

−10.45527826 

−10.77257492 

      

  

 

0 

0 

1 

2 

3 

−9.393527066 

−9.701577946 

−10.01361415 

−10.32962359 

−9.800586386 

−10.10928837 

−10.42200246 

−10.73871542 

−9.393527066 

−9.701577946 

−10.01361415 

−10.32962359 

−9.872264967 

−10.18190443 

−10.49555285 

−10.81319714 

      

  0 −-9.383605322 −9.820253822 −9.383603334 −9.891942947 
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1 

1 

2 

3 

−9.691693672 

−10.00376679 

−10.31981264 

−10.12938172 

−10.44251980 

−10.75965500 

−9.691691694 

−10.00376483 

−10.31981067 

−10.20200673 

−10.51607761 

−10.83414262 

 

Table 9: Numerical Energy Eigenvalues of the Shifted Screened Kratzer Potential model for CO diatomic 

molecule for (𝝀, 𝜸) = (𝟏, 𝟎). 
𝒎 𝒏      𝑩 = 𝟎, 

   𝜱AB = 𝟎 

  𝑩 = 𝟎. 𝟎𝟎𝟎𝟏, 
    𝜱AB = 𝟎 

      𝑩 = 𝟎, 
𝜱AB = 𝟎. 𝟎𝟎𝟎𝟏 

 𝑩 = 𝟎. 𝟎𝟎𝟎𝟏, 
𝜱AB = 𝟎. 𝟎𝟎𝟎𝟏 

 

 

-1 

0 

1 

2 

3 

−22.56661747 

−22.80128887 

−23.03688992 

−23.27341917 

−22.62152817 

−22.85619362 

−23.09178927 

−23.32831347 

−22.56661804 

−22.80128934 

−23.03689044 

−23.27341964 

−22.63375922 

−22.86847330 

−23.10411747 

−23.34069012 

      

 

 

0 

0 

1 

2 

3 

−22.56883529 

−22.80350394 

−23.03910234 

−23.27562889 

−22.62880099 

−22.86348384 

−23.09909684 

−23.33563839 

−22.56883529 

−22.80350394 

−23.03910234 

−23.27562889 

−22.64103166 

−22.87576311 

−23.11142463 

−23.34801462 

      

 

 

1 

0 

1 

2 

3 

−22.56661747 

−22.80128887 

−23.03688992 

−23.27341917 

−22.63163757 

−22.86634322 

−23.10197897 

−23.33854317 

−22.56661705 

−22.80128845 

−23.03688950 

−23.27341875 

−22.64386809 

−22.87862234 

−23.11430661 

−23.35091930 

 

Table 10: Numerical Energy Eigenvalues of the Shifted Screened Kratzer Potential model for 𝑯𝟐 diatomic 

molecule for (𝝀, 𝜸) = (𝟎, 𝟏). 
𝒎 𝒏        𝑩 = 𝟎, 

     𝜱AB = 𝟎 

  𝑩 = 𝟎. 𝟎𝟎𝟎𝟏, 
    𝜱AB = 𝟎 

     𝑩 = 𝟎, 
𝜱AB = 𝟎. 𝟎𝟎𝟎𝟏 

𝑩 = 𝟎. 𝟎𝟎𝟎𝟏, 
𝜱AB = 𝟎. 𝟎𝟎𝟎𝟏 

 

 

-1 

0 

1 

2 

3 

−13.92852356 

−13.79744424 

−13.70997642 

−13.66120412 

−14.90552170 

−14.76955924 

−14.67733523 

−14.62406285 

−13.92853095 

−13.79745129 

−13.70998317 

−13.66121059 

−14.80318111 

−14.69916836 

−14.63536931 

−14.60756785 

      

 

 

0 

0 

1 

2 

3 

−13.96553773 

−13.83276202 

−13.74378766 

−13.69366920 

−14.89636325 

−14.77247476 

−14.69096909 

−14.64728264 

−13.96553773 

−13.83276202 

−13.74378766 

−13.69366920 

−14.80369115 

−14.71044565 

−14.65625612 

−14.63709291 

      

 

 

1 

0 

1 

2 

3 

−13.92852356 

−13.79744424 

−13.70997642 

−13.66120412 

−14.81901078 

−14.70971294 

−14.64120144 

−14.60916837 

−13.92851616 

−13.79743716 

−13.70996966 

−13.66119760 

−14.73770638 

−14.65756134 

−14.61509701 

−14.60649894 

 

Table 11: Numerical Energy Eigenvalues of the Shifted Screened Kratzer Potential model for LiH diatomic 

molecule for (𝝀, 𝜸) = (𝟎, 𝟏). 
𝒎 𝒏     𝑩 = 𝟎, 

   𝜱AB = 𝟎 

 𝑩 = 𝟎. 𝟎𝟎𝟎𝟏, 
     𝜱AB = 𝟎 

     𝑩 = 𝟎, 
𝜱AB = 𝟎. 𝟎𝟎𝟎𝟏 

𝑩 = 𝟎. 𝟎𝟎𝟎𝟏, 
𝜱AB = 𝟎. 𝟎𝟎𝟎𝟏 

 

 

-1 

0 

1 

2 

3 

−9.066226693 

−9.054798793 

−9.049872718 

−9.051091613 

−9.617656938 

−9.605130588 

−9.599152553 

−9.599371863 

−9.066227952 

−9.054800042 

−9.049873942 

−9.051092802 

−9.609250988 

−9.600744258 

−9.598568979 

−9.602392816 

      

 

 

0 

0 

1 

2 

3 

−9.072548922 

−9.060995512 

−9.055950862 

−9.057057542 

−9.620168387 

−9.609204822 

−9.604704657 

−9.606324287 

−9.072548922 

−9.060995512 

−9.055950862 

−9.057057542 

−9.612748454 

−9.605734619 

−9.604972813 

−9.610137520 
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1 

0 

1 

2 

3 

−9.066226693 

−9.054798793 

−9.049872718 

−9.051091613 

−9.610522408 

−9.601331598 

−9.598508823 

−9.601718628 

−9.066225433 

−9.054797568 

−9.049871503 

−9.051090423 

−9.604209195 

−9.598891228 

−9.599735905 

−9.606425249 

 

Table 12: Numerical Energy Eigenvalues of the Shifted Screened Kratzer Potential model for HCl diatomic 

molecule for (𝝀, 𝜸) = (𝟎, 𝟏). 
𝒎 𝒏      𝑩 = 𝟎, 

   𝜱AB = 𝟎 

  𝑩 = 𝟎. 𝟎𝟎𝟎𝟏, 
    𝜱AB = 𝟎 

      𝑩 = 𝟎, 
𝜱AB = 𝟎. 𝟎𝟎𝟎𝟏 

   𝑩 = 𝟎. 𝟎𝟎𝟎𝟏, 
𝜱AB = 𝟎. 𝟎𝟎𝟎𝟏 

 

 

-1 

0 

1 

2 

3 

−22.18291952 

−22.25931120 

−22.34654525 

−22.44417185 

−22.66300290 

−22.73743048 

−22.82282136 

−22.91872100 

−22.18292225 

−22.25931390 

−22.34654791 

−22.44417447 

−22.68623410 

−22.76431820 

−22.85321208 

−22.95247318 

      

 

 

0 

0 

1 

2 

3 

−22.19655419 

−22.27275225 

−22.35980148 

−22.45725139 

−22.68612467 

−22.76187959 

−22.84854239 

−22.94566302 

−22.19655419 

−22.27275225 

−22.35980148 

−22.45725139 

−22.70974438 

−22.78912947 

−22.87927078 

−22.97972994 

      

 

 

1 

0 

1 

2 

3 

−22.18291952 

−22.25931120 

−22.34654525 

−22.44417185 

−22.68212420 

−22.75957936 

−22.84787060 

−22.94655324 

−22.18291681 

−22.25930854 

−22.34654263 

−22.44416925 

−22.70624805 

−22.78730067 

−22.87903986 

−22.98103258 

 

Table 13: Numerical Energy Eigenvalues of the Shifted Screened Kratzer Potential model for CO diatomic 

molecule for (𝝀, 𝜸) = (𝟎, 𝟏). 
𝒎 𝒏      𝑩 = 𝟎, 

    𝜱AB = 𝟎 

  𝑩 = 𝟎. 𝟎𝟎𝟎𝟏, 
    𝜱AB = 𝟎 

      𝑩 = 𝟎, 
𝜱AB = 𝟎. 𝟎𝟎𝟎𝟏 

𝑩 = 𝟎. 𝟎𝟎𝟎𝟏, 
𝜱AB = 𝟎. 𝟎𝟎𝟎𝟏 

 

 

-1 

0 

1 

2 

3 

−59.27281877 

−59.34582867 

−59.42104067 

−59.49842937 

−59.34010602 

−59.41302472 

−59.48814697 

−59.56544752 

−59.27281934 

−59.34582924 

−59.42104124 

−59.49842994 

−59.34541414 

−59.41849636 

−59.49378032 

−59.57124073 

      

 

 

0 

0 

1 

2 

3 

−59.27568694 

−59.34868609 

−59.42388744 

−59.50126569 

−59.34516674 

−59.41814229 

−59.49332079 

−59.57067694 

−59.27568694 

−59.34868609 

−59.42388744 

−59.50126569 

−59.35047784 

−59.42361685 

−59.49895696 

−59.57647288 

      

 

 

1 

0 

1 

2 

3 

−59.27281877 

−59.34582867 

−59.42104067 

−59.49842937 

−59.34449232 

−59.41754617 

−59.49280212 

−59.57023482 

−59.27281820 

−59.34582810 

−59.42104010 

−59.49842880 

−59.34980782 

−59.42302510 

−59.49844256 

−59.57603493 

 

Table 14: Comparison of the Numerical Energy levels corresponding to the Kratzer Potential for the various 

𝒏and 𝓵quantum number for the diatomic molecules 𝑰𝟐and 𝑶𝟐 

𝒏 𝓵 𝑰𝟐 [EQR] 

Ikhdair & Sever  

(2009) 

𝑰𝟐 [AIM] 

Bayrak et al.  

(2006) 

𝑰𝟐 

[ENU(Presen

t)] 

𝑶𝟐 [EQR] 

Ikhdair & Sever 

(2009) 

𝑶𝟐 [AIM] 

Bayrak et al. 

(2006) 

𝑶𝟐 

[ENU(Present)

] 

0 0 −1.579082576525 −1.579082577 −1.579082564 −5.126358620071 −5.126358625 −5.126358491 

        

1 0 

1 

−1.573687150333 

−1.573677924919 

−1.573687151 

−1.573677925 

−1.573687115 

−1.573677890 

−5.066641146718 

−5.066292321402 

−5.066641151 

−5.066292323 

−5.066640767 

−5.066291937 

        

 0 −1.568319329698 −1.568319330 −1.568319272 −5.007961110233 −5.007961116 −5.007960488 
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2 1 

2 

−1.568310151445 

−1.568291795200 

−1.568310152 

−1.568291796 

−1.568310094 

−1.568291737 

−5.007618327191 

−5.006932902380 

−5.007618329 

−5.006932904 

−5.007617702 

−5.006932273 

        

 

 

3 

0 

1 

2 

3 

−1.562978926616 

−1.562969795203 

−1.562951532697 

−1.562924139740 

−1.562978927 

−1.562969796 

−1.562951533 

−1.562924140 

−1.562978847 

−1.562969715 

−1.562951452 

−1.562924059 

−4.950294618656 

−4.949957739138 

−4.949284118344 

−4.948274032620 

−4.950294624 

−4.949957740 

−4.949284119 

−4.948274034 

−4.950293763 

−4.949956880 

−4.949283255 

−4.948273159 

        

 

4 

0 

1 

2 

3 

4 

−1.557665754681 

−1.557656669790 

−1.557638500327 

−1.557611246928 

−1.557574910549 

−1.557665755 

−1.557656670 

−1.557638501 

−1.557611247 

−1.557574911 

−1.557665652 

−1.557656567 

−1.557638398 

−1.557611144 

−1.557574807 

−4.893618463868 

−4.893287353086 

−4.892625266816 

−4.891632475505 

−4.890309384483 

−4.893618469 

−4.893287355 

−4.892625268 

−4.891632476 

−4.890309388 

−4.893617383 

−4.893286268 

−4.892624178 

−4.891631377 

−4.890308272 

        

 

 

 

5 

0 

1 

2 

3 

4 

5 

−1.552379629069 

−1.552370590385 

−1.552352513333 

−1.552325398546 

−1.552289246974 

−1.552244059882 

−1.552379630 

−1.552370591 

−1.552352514 

−1.552325399 

−1.552289248 

−1.552244060 

−1.552379504 

−1.552370466 

−1.552352389 

−1.552325274 

−1.552289121 

−1.552243934 

−4.837910098245 

−4.837584625235 

−4.836933811639 

−4.835957922172 

−4.834657353568 

−4.833032634174 

−4.837910103 

−4.837584627 

−4.836933812 

−4.835957923 

−4.834657357 

−4.833032637 

−4.837908798 

−4.837583322 

−4.836932505 

−4.835956606 

−4.834656025 

−4.833031292 

 

Table 15: Comparison of the Numerical Energy levels corresponding to the Kratzer Potential for the various 

𝒏and 𝓵quantum number for the diatomic moleculesNOand CO 

𝒏 𝓵 NO [EQR] 

Ikhdair & Sever  

(2009) 

NO [AIM] 

Bayrak et al. 

(2006) 

NO 

[ENU(Present

)] 

CO [EQR] 

Ikhdair & 

Sever (2009) 

CO [AIM] 

Bayrak et al. 

(2006) 

CO 

[ENU(Present)] 

0 0 −8.002659419493 −8.002659417 −8.002659249 −10.794315323 −10.79431532 −10.79431511 

        

 1 0 

1 

−7.921456840689 

−7.921043829925 

−7.921456839 

−7.921043834 

−7.921456327 

−7.921043312 

−10.693839925 

−10.693371229 

−10.69383992 

−10.69337123 

−10.69383928 

−10.69337058 

        

 

2 

0 

1 

2 

−7.841483958093 

−7.841077185904 

−7.840263768523 

−7.841483956 

−7.841077188 

−7.840263771 

−7.841483114 

−7.841076336 

−7.840262914 

−10.594760890 

−10.594298692 

−10.593374417 

−10.59476089 

−10.59429869 

−10.59337441 

−10.59475984 

−10.59429764 

−10.59337335 

        

 

 

3 

0 

1 

2 

3 

−7.762716067159 

−7.762315408528 

−7.761514215884 

−7.760312738370 

−7.762716066 

−7.762315413 

−7.761514218 

−7.760312744 

−7.762714900 

−7.762314236 

−7.761513040 

−7.760311553 

−10.497052462 

−10.496596643 

−10.495685124 

−10.494318144 

−10.49705246 

−10.49659664 

−10.49568512 

−10.49431814 

−10.49705101 

−10.49659519 

−10.49568366 

−10.49431667 

        

 

4 

0 

1 

2 

3 

4 

−7.685129080626 

−7.684734413653 

−7.683945202003 

−7.682761690175 

−7.681184244677 

−7.685129079 

−7.684734417 

−7.683945203 

−7.682761696 

−7.681184246 

−7.685127601 

−7.684732929 

−7.683943714 

−7.682760193 

−7.681182728 

−10.400689478 

−10.400239921 

−10.399340924 

−10.397992722 

−10.396195666 

−10.40068947 

−10.40023992 

−10.39934092 

−10.39799272 

−10.39619567 

−10.40068763 

−10.40023807 

−10.39933907 

−10.39799086 

−10.39619379 

        

 

 

 

5 

0 

1 

2 

3 

4 

5 

−7.608699510108 

−7.608310715917 

−7.607533247563 

−7.606367345012 

−7.604813367976 

−7.602871795644 

−7.608699509 

−7.608310719 

−7.607533248 

−7.606367349 

−7.604813368 

−7.602871795 

−7.608697729 

−7.608308928 

−7.607531457 

−7.606365545 

−7.604811551 

−7.602869969 

−10.305647347 

−10.305203938 

−10.304317236 

−10.302987469 

−10.301214985 

−10.299000242 

−10.30564735 

−10.30520394 

−10.30431723 

−10.30298747 

−10.30121499 

−10.29900024 

−10.30564512 

−10.30520171 

−10.30431500 

−10.30298523 

−10.30121273 

−10.29899796 

 

 

 

 



Energy Spectra of Shifted Screened…  Ibrahim et al. NJP 

95 

         NIGERIAN JOURNAL OF PHYSICS   NJP VOLUME 32(1)          www.njp.nipngn.org 

Table 16: Comparison of Numerical Energy Eigenvalues corresponding to the Screened Kratzer Potential for 

the various 𝒏and 𝓵quantum number for the diatomic molecules LiHand HCl 
𝒏 𝓵 LiH 

ENU (Present) 

LiH 

Ikot et al. NU (2019) 

HCl 
ENU (Present) 

HCl 
Ikot et al. NU (2019) 

0 0 −9.070968132 −9.070968135 −22.19329052 −22.19329052 

      

 1 0 

1 

−9.059446117 

−9.047056122 

−9.059446120 

−9.047056120 

−22.26953722 

−22.24266012 

−22.24266011 

−22.24266011 

      

 

2 

 

0 

1 

2 

−9.054431115 

−9.042278091 

−9.017997943 

−9.054431115 

−9.042278085 

−9.017997940 

−22.35663287 

−22.33012522 

−22.27714784 

−22.35663288 

−22.33012521 

−22.27714784 

      

 

 

3 

0 

1 

2 

3 

−9.055565864 

−9.043637069 

−9.019803986 

−8.984115356 

−9.055565865 

−9.043637070 

−9.019803985 

−8.984115355 

−22.45412719 

−22.42797267 

−22.37569980 

−22.29738072 

−22.45412720 

−22.42797265 

−22.37569979 

−22.29738072 

      

 

 

 4 

0 

1 

2 

3 

4 

−9.062524471 

−9.050808169 

−9.027398775 

−8.992342454 

−8.945707875 

−9.062524470 

−9.050808170 

−9.027398770 

−8.992342455 

−8.945707875 

−22.56160483 

−22.53578825 

−22.48418966 

−22.40687787 

−22.30395550 

−22.56160484 

−22.53578825 

−22.48418965 

−22.40687787 

−22.30395550 

      

 

 

 

5 

0 

1 

2 

3 

4 

5 

−9.075009168 

−9.063494533 

−9.040487259 

−9.006031117 

−8.960191208 

−8.903053290 

−9.075009170 

−9.063494530 

−9.040487255 

−9.006031120 

−8.960191210 

−8.903053285 

−22.67868228 

−22.65318951 

−22.60223695 

−22.52589038 

−22.42424781 

−22.29743870 

−22.67868230 

−22.65318950 

−22.60223694 

−22.52589037 

−22.42424781 

−22.29743871 

 

Figure 1: (a) Variation of energy eigenvalues of SSKP with shifting parameter (λ) for different diatomic molecule 

systems. (b) Variation of energy eigenvalues of SSKP with shifting parameter (γ) for different diatomic molecule 

systems. 

 

 

   (b) (a) 
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DISCUSSION 

From Tables 2 – 5 for (𝜆, 𝛾) = (0,0), we observe that 

when both magnetic and AB-flux fields are absent 

(i.e, �⃗⃗� = 𝛷AB = 0), there exists degeneracies when 

𝑚 = 1 and 𝑚 = −1 in the energy spectra of the 

diatomic molecules. By subjecting the systems to the 

single effect of the magnetic field (�⃗⃗� ≠ 0, 𝛷AB = 0), the 

numerical energy eigenvalues reduces and degeneracies 

are removed. However, when only the AB-flux field is 

applied(�⃗⃗� = 0, 𝛷AB ≠ 0), it takes away degeneracies 

but yet we still notice some quasi-degeneracies and the 

numerical energy eigenvalues increases and the system 

still bounded. The all-inclusive effect of both magnetic 

and AB-flux fields (�⃗⃗� = 𝛷AB ≠ 0) are stronger than the 

single effects and consequently, there is a major shift in 

the bound state energy of the system. The all-inclusive 

effect of both fields completely eliminates degeneracies.  

From Tables 6 – 9 for (𝜆, 𝛾) = (1,0) and for (𝜆, 𝛾) =
(0,1), we observe that when both magnetic and AB-flux 

fields are not present (i.e, �⃗⃗� = 𝛷AB = 0), degeneracies 

exist when 𝑚 = 1 and 𝑚 = −1 in the energy spectra of 

the diatomic molecules. On exposing the systems to the 

magnetic field effect alone (�⃗⃗� ≠ 0, 𝛷AB = 0), the 

numerical energy eigenvalues reduces and there is 

removal of degeneracies. In the situation when the AB-

flux field alone is functional (�⃗⃗� = 0, 𝛷AB ≠ 0), some 

quasi-degeneracies are observed and the numerical 

energy eigenvalues reduces as well. When both 

magnetic and AB-flux fields are made to be active 

(�⃗⃗� = 𝛷AB ≠ 0), is more significant than the singular 

effects and as a results, there is an ample change in the 

bound state energy of the system.  

More so, it is observed that the effect of shifting 

parameters greater than zero i.e., (𝜆 = 𝛾 > 0) 

influences the energy eigenvalues of diatomic molecules 

to becomes strongly negative or bound as it can be seen 

from the results presented in the tables. 

We also plot the energy eigenvalues of Shifted Screened 

Kratzer Potential as a function of shifting parameters for 

different diatomic molecules. In Figure 1. (a) Energy 

eigenvalues of SSKP becomes strongly negative or 

bound (decreases) with increasing shifting parameter 
(𝜆). The same trend is also seen in (b) as the energy 

eigenvalues of SSKP varies with shifting parameter (𝛾) 

for the selected diatomic molecule systems.  From both 

the tables and the graphs, it shows that the energy 

eigenvalues for some selected diatomic molecules are 

sensitives to the effects of shifting parameters. 

To compared our results with others in the literature, we 

compute numerically the energy eigenvalues of the 

special cases for the Kratzer potential and the Screened 

Kratzer potential for the 𝐼2, 𝑂2, NO and CO diatomic 

molecules as given in Tables 14, 15 and 16 which are in 

agreement with the results given in literature.  

 

CONCLUSION 

In this research work, we solve the Schrodinger 

equation with the shifted screened Kratzer potential for 

some selected diatomic molecules in the presence of 

magnetic and AB-flux fields using the ENU method. 

The energy equation and its corresponding wave 

functions are obtained in a closed form respectively. 

The numerical results of the energy eigenvalues of the 

shifted screened Kratzer potential for some selected 

diatomic molecules for different values of shifting 

parameters are computed. We also reduced the energy 

eigenvalues for shifted screened Kratzer potential to that 

of the standard Kratzer potential and screened Kratzer 

potential, by adjusting the potential parameters of the 

shifted screened Kratzer potential. Our numerical results 

obtained for the standard Kratzer potential and screened 

Kratzer potential agrees with the results obtained in the 

literature. We want to note here that, there are no 

numerical results in the literature for the shifted 

screened Kratzer potential to compare our work with. 

Finally, the thermodynamic properties of the considered 

systems and the theoretic information measure would be 

in the next edition of this paper. 
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