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ABSTRACT

This study delves into the intricate influence of crystal lattices on material
properties, employing the Kronig and Penney potential model (KP) to understand
wave functions and electronic band structures. Investigating classical and
quantum mechanics, the research explores discrete atomic states through
Schrodinger's equation, considering both finite and infinite potential scenarios.
The results found that as (ca) increases, the energy within the +1 power scatter
barrier experiences damping, reaching a constant defined by F(aa) =6 x [10]
N-5) (o) + 0.9888. Electron confinement within the unit atom results in an
infinite power scatter barrier, and energy (En) for any lattice is determined by E_n
= 13.7 n"2. Temperature-induced variations signify increased energy, indicating
free electron movement and a finite power scatter barrier. The electron's negligible
velocity in the lattice plays a crucial role in determining amplitude. A decrease in
ET corresponds to an increase in the velocity VT of the free electron. Extreme
phonon energy in lattice structures is negligible due to its massless nature. The
study notes increased energy in restricted electrons, causing a reduction in free

Keywords: electron energy due to an energy gap or barrier scatter. High temperatures are
Kronig and Penney potential,  essential to reduce the energy band, facilitating electron transitions and resulting
Energy Levels, in an electron lifetime of 1.63 x [10] ~(-50) s. These insights deepen our
Periodic potential, understanding of crystal lattice dynamics, offering avenues for innovative
Crystal lattice. applications in materials science and quantum physics.

INTRODUCTION within crystal lattice structures to deepen our

The study of crystal lattice structures is fundamental to
our understanding of the physical properties of materials.
Crystal lattices are three-dimensional arrangements of
atoms or ions, and they play a crucial role in determining
the electrical, mechanical and optical properties of
materials. The Kronig and Penney potential model (KP)
is a mathematical framework used to describe wave
function and the electronic band structure in crystalline
solids. The wave is a set of rthythmic square waves that
represents an idealized quantum-mechanical system
(Salimen, 2020). Quantum mechanics is engaged in these
phenomena to calculate them (Salimen, 2020). After
taking a few steps, the restricted and permissible band
gaps are finally discovered (Salimen, 2020). This
proposal outlines a research project aimed at analyzing
and exploring the Kronig and Penney potential model

understanding of their impact on material properties.
The KP model is drastically simplified one-dimensional
crystallographic quantum mechanical model. Despite the
model's simplifications, the electronic band structure it
produces has many similarities to band structures that
come from more complex well developed models (Kahl,
2005).

The primary objectives of this research project are as
follows: To develop a theoretical framework to analyze
the Kronig and Penney potential model within different
crystal lattice structures. To utilize computational
methods and software tools to perform simulations and
calculations on specific crystal lattice structures. To
compare the results obtained from theoretical analysis
and computational simulations with experimental data
were available to validate the accuracy of the Kronig and
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Penney potential model in describing real-world crystal
lattice structures.

Crystal lattice structures are at the heart of our
understanding of the physical properties of materials,
playing a pivotal role in various scientific and industrial
applications. To elucidate the behavior of electrons
within these structures, the Kronig and Penney potential
model has been widely employed. Despite the extensive
use of the Kronig and Penney model, there may still be
gaps in our understanding of its intricacies and nuances.
Identifying and addressing these knowledge gaps is
essential for refining the model's accuracy and utility.
Resolving these issues and questions surrounding the
Kronig and Penney potential model in crystal lattice
structures holds significant scientific and practical
importance. A comprehensive analysis of the model's
accuracy, its variations, and its integration with
experimental data will advance our understanding of
materials and potentially open doors to designing new
materials with tailored properties. This research can
contribute to advancements in fields such as electronics,
materials engineering, and energy storage, where crystal
lattice structures play a central role.

This study will focus primarily on the theoretical aspect
of kronig and penny potential model in crystal lattice
structures. It will encompass solid state physics, quantum
mechanics and mathematical modeling. While the
analysis will be theoretical in nature, it may include
discussions of experimental results for comparative
purposes.

The Kronig-Penney model of a particle in a one-
dimensional lattice has been studied using bootstrap
methods from conformal field theory. These methods
efficiently compute the band gaps of the energy spectrum
but have trouble effectively constraining the minimum
energy. To address this issue, more complex constraints
involving higher powers of momenta have been
proposed. Additionally, an approach for analytically
constructing the dispersion relation associated with the
Bloch momentum of the system has been suggested
(Blacker et al., 2022). The discontinuous potentials in the
Kronig-Penney model have been shown to have unusual
conclusions in the solutions of the associated
Schrodinger equation, with classical analogs displaying
the appearance of frequency bands instead of energy
bands found in the quantum domain (Oseguera, 1992).
The properties of electrons moving in two dimensions in
a one-dimensional periodic magnetic field, which is the
magnetic analog of the Kronig-Penney problem, have
also been investigated (Ibrahim et al., 1995).

MATERIALS AND METHODS

Theoretical Frame Work

Theoretical frameworks for the Kronig-Penny potential
model within different crystal lattice structures have been
developed and analyzed in scientific literature. One
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approach is to use an accurate analytical model that
considers a crystal lattice with a stepwise change in
potential (Colmankhaneh et al., 2021). This model has
been extensively studied and analyzed, particularly for
structures with a double-cell period.

Another approach is to extend the Kronig-Penney model
by introducing chiral (sub lattice) symmetry through
variations in scattered separations or potential heights
(Vytovtov et al., 2022). This extension allows for the
existence of topological chiral symmetry protected edge
states. The solution to these models can be obtained using
the conventional scattering formalism used to study the
Kronig-Penney model (Smith et al., 2020). Overall, these
approaches provide theoretical frameworks for
understanding the Kronig-Penny potential model within
different crystal lattice structures.

In classical mechanics it is possible to calculate, for
example, the vibrational modes of a string, membrane or
resonator by solving a wave equation, subject to certain
boundary conditions. At the very beginning of the
development of quantum mechanics, one was faced with
the problem of finding a differential equation describing
discrete states of an atom. It was not possible to deduce
exactly such an equation from old and well-known
physical principles; instead, one had to search for
parallels, in classical mechanics and try to deduce the
desired equation on the basis of plausible arguments.
Such an equation, not derived but guessed at intuitively,
would then be a postulate of the new theory, and its
validity would have to be checked by experiment. This
equation for the calculation of quantum-mechanical
states is called the Schrodinger equation (Greiner, 2000).
Insertion of this result into equation (1) yields the time-

dependent wave equation:
iBt

Y, 0) = pe (1)

If E is real then the wave function has an amplitude ¢ (x)
iEt

and a phase e » The amplitude and the phase

representation is convenient for many applications.

In theory, the Schrodinger’s equation allows us to solve
any quantum mechanical system exactly. We simply
insert the potential U(x) and solve for the wave function
Y (x,t) and energy E _Unfortunately, there are only very

few potentials such as the finite square well or coulomb
potential of the hydrogen atom, for which simple and
exact solution exists. In order to make any further
progress, we need to incorporate some techniques for
finding approximate solutions to the Schrodinger’s
equation. A very important set of these techniques is
called perturbation theory.

In the most simplified version of the free electron gas, the
true three-dimensional potential was ignored and
approximated with a constant potential (see the quantum
mechanics script as well) conveniently put at 0 eV. The
true potential, however, e.g. for a Na crystal, is periodic
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and looks more like this (including some electronic
states):

Semiconducting properties will not emerge without some
consideration of the periodic potential — we therefore
have to solve the Schrodinger equation for a suitable
periodic potential. However, this is much easier said than
done: There are several ways to do this (for real potentials
always numerically), but they are all mathematically
rather involved.

Luckily, as stated before, it can be shown that all
solutions must have certain general properties. These
properties can be used to make calculations easier — as
well as to obtain a general understanding of the effects of
a periodic potential on the behavior of electron waves.
The starting point is a potential ¥(r) determined by the
crystal lattice that has the periodicity of the lattice, i.e.
Vix) =V + a) 2)

With a = any translation vector of the lattice under
consideration. We then will obtain some wave-functions
y(x) which are solutions of the Schrédinger equation for
V(x). In addition, these wavefunctions have to fulfill the
boundary conditions, since we are still dealing with a
kind of "particle in a box" problem — the electrons are
confined inside the crystal.

Bloch used straight Fourier analysis and he found that the
wave differed from the plane wave of free electrons only
by a periodic modulation. This was so simple to him
because he did not think it could be much of a discovery,
but when he showed it to Heisenberg, he said right away;
“That’s it!! (F. Bloch, July, 1928) (from the book edited
by Hoddeson et al., 1928).

His paper was published in 1928 [F. Bloch, Zeitschrift fiir
Physik 52, 555 (1928)]. There are many standard
textbooks which discuss the properties of the Bloch
electrons in a periodic potential.

We consider the motion of an electron in a periodic
potential (the lattice constant ). The system is one-
dimensional and consists of NV unit cells (the size L = Na,
N: integer).

@(x+a) = exp(ika) o(x) 3)

This is called as the Bloch theorem. The Bloch theorem
in essence formulates a condition that all solutions y(r),
for any periodic potential V(r) whatsoever, have to meet.
In one version it ascertains

P(r) = u(r)e™ “4)

With & = any allowed wave vector for the electron that is
obtained for a comstant potential, and u(r) =some
functions with the periodicity of the lattice, i.e.

ulr + T) = u(r) (5)

Any wave function meeting this requirement we will
henceforth call a Bloch wave. As before, we choose
periodic boundary conditions; this ensures that no
restriction on the translation vectors 7' needs to be
considered. The Bloch theorem is quite remarkable,
because, as said before, it imposes very special
conditions on any solution of the Schrodinger equation,
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no matter what the form of the periodic potential might
be. We notice that, in contrast to the case of the constant
potential, so far, k is just a wave vector in the plane wave
part of the solution. Due to the periodic potential,
however, its role as an index to the wave function is not
the same as before — as we will shortly see. Bloch's
theorem is a proven theorem with perfectly general
validity. We will first give some ideas about the proof of
this theorem and then discuss what it means for real
crystals. As always with hindsight, Bloch's theorem can
be proved in many ways; the links give some examples.
Here we only look at general outlines of how to prove the
theorem:

It follows rather directly from applying group theory to
crystals. In this case one looks at symmetry properties
that are invariant under translation. It can easily be
proved by working with operator algebra in the context
of formal quantum theory Mathematics (see the quantum
mechanics script again). It can be directly proved in
simple ways — but then only for special cases or with not
quite kosher "tricks". Bloch’s theorem was formulated by
the Swiss — born U.S physicist “FLIX BLOCH” (1905 —
1983) in 1928.

A crystal lattice is the three-dimensional structural
arrangement of atoms or molecules inside a crystalline
solid. It consists of repeating unit cells in different
directions (Qin et al., 2023). The properties of crystalline
solids are determined by the arrangement of molecules in
the lattice (Quan-Qin et al., 2023). Weakening the inter-
layer interaction is an effective strategy to introduce
disorder between the layers of a crystalline material (Yun
et al., 2023). The physio-chemical properties of a crystal
lattice are highly reliant on the molecular structure of the
network (Chaturvedi et al., 2020). The dissolution rates
of a fused mixture and a physical mixture are expected to
be the same based on solubility theory, but experimental
results show non-ideal behavior. The crystal lattice
energy in eutectics still limits solubility and dissolution
rate.

Computational methods and calculations can be utilized
on specific crystal lattice structures in several ways. One
approach is to use machine learning-based methods to
automatically classify structures by crystal symmetry
(Ziletti et al., 2017). This involves representing crystals
by calculating a diffraction image and constructing a
deep-learning neural-network model for classification.
Another method is to use various techniques such as
plane-wave methods, orthogonal zed plane waves, linear
combination of atomic orbitals, and kronig Penney
perturbation theory to calculate the band structure of
solids  (Fischetti et al., 2016). Additionally,
intermolecular potentials can be used to calculate lattice
frequencies and crystal structures, taking into account the
effects of different potential terms (Righini, 1985).
Furthermore, a phase-field crystal model can be
employed to create complex three- and two-dimensional
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crystal structures by energetically favoring specific inter
planar angles (Alster et al, 2017). Finally, a solvent-
independent approach based on crystal lattice properties
can be used to calibrate ion parameters for accurate
simulations of aqueous systems (Hmao et al., 2012).
Software tools are available to perform simulations and
calculations on specific crystal lattice structures. These
tools enable researchers to investigate the quality of force
fields, correlate simulated ensembles to experimental
structure factors, and extrapolate behavior in lattices to
behavior in solution (Cerutti et al., 2019). Modern high-
level programming languages allow for the development
of internal domain-specific languages (DSL) for lattice-
based operations in simulation models (Hawick, 2012).
Crystallographers can use professional software for
structure refinement, but non crystallographers may not
have access to it. However, a simple method has been
proposed to study the sensitivity of crystal lattice energy
to changes in structural parameters, providing a
diagnostic tool to test the quality of crystal structure files
(Jinjin li et al., 2014). Additionally, a new method has
been developed to calculate the free energy difference
between two crystalline structures, particularly
advantageous for highly harmonic systems (Ackland et
al., 1997). These software tools and methods enhance the
study of crystal structures and their properties in various
scientific fields (Righini et al., 1985).

The Schrodinger’s Equation, Bloch theorem, matrix and
Hyperbolic functions. The researcher used rectangular
square wells and berries with periodicity (a-b) to explain
the behavior of an electron in 1-D periodic potential. The
possible states that the electron can occupy are
determined by the Schrodinger equation. In this case, the
potential V is in the form of array of rectangular square

wells and berries with periodicity (a-b).
da?®  sn’m

W 2 E(p =0 (6)
and

d? 8

Loy E-V)p =0 (7)

Makmg use of Bloch’s theorem, the solution can be
written in the form of

Pr = W (x)e ™" ®)
Assuming that the total energy E of the electron is less
than the potential energy V), we define two real
quantities a and f such that

P2 E ©)
And
/3? T (Vo — E) (10)
Th
%(;j— atp=0 (11)
and
B (12)
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The solution that will be appropriate for both the regions
suggested by Bloch is the form

P = w(x)e ™ (13)

On differentiating the equation (13), one get

d_‘P duk —lkx ikx

ar o € + uy tke” (14)
d_(p _ f(d7ug duk 2 —ikx

4= (dxz 20k — kuyy ) e (15)
Substituting equatlon (15) into equation (11) and (12), we
get

2
4 S 2ik + (a? — kP)uy = 0 (16)
and
d? d

2+ =2 2ik = (B2 + kPu, = 0 (17)

Where u1 represents the value of u,(x) in the interval
o<x<a and u, the value of u,(x) in the interval —b<x<o.
The solution of the differential equation (16) is of the
form:

u, =em™ (18)

% = me™ (19)
2

% = m2e™* (20)

Substituting equations (18), (19) and (20) into equation
(16), we get

m2e™* + 2ikme™ + (a? —k?)e™ =0 (21)
Thls implies that,

m? + 2ikm + (a2 —k?) =0 (22)
Therefore,

m= —2ik+ 4-k22—4(a2—k2) = —ik + i

m; =i(a—k) (23a)
m, = —i(k + a) (23b)
Thus, the general solution is

u; = Ae™1* 4 Be™2*¥ (24)

By substituting equations 23a and 23b into equation 24,
we get

u = Aei(a—k)x + Be—i(a+k)x (25)
Where A and B are constants. Similarly equation (16) can
written as:

m2e™ + 2ikme™ — (B2 + k*)e™ =0 (26)

This implies that,

m? + 2ikm — (B2 +k?) =0 27
Therefore,

_ —2ik+ 4k22+4(B2+k2) = ik + ﬂ
my = (B —ik) (28a)
and
m, = —(f + ik) (28b)
Thus, the general solution is
u, = Ce™* 4 De™2* (29)

By substituting equations (28a) and (28b) into equation
(29), we get

u, = CeB~1x 4 pe=(B+il)x (30)

where C and D are constants. The values of the constants
A, B, C and D can be obtained by applying the boundary

conditions:
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[ ()]x=0 = [u2(X)]x=0 (31a)
[t ()] emo = [ub ()= (31b)
and

[u1 ()] x=a = [U2()]x=-bp (32a)
[11 ()]x=a = [Wb()]x=—p (32b)

By applying these conditions, we get
[Ai(a — k)ei(“‘k)’.‘ — Bi(a + k)e‘i(“”)"‘]ng
= [C(B — ik)e ™% — D(B + ik)e~FHI], _,

Therefore

Ai(a — k) — Bi(a + k) = C(B — ik) — D(B + ik) (33)
Aei(a—k)a + Be—i(a+k)a — Ce—(ﬁ—ik)b + De(ﬁ+ik)b (34)
[Ai(a — k)e!@0% — Bi(a + k)e H@+x] _ = [C(B — ik)eB~®* — D(B + ik)e~F+iIx] __

Therefore,

Ai(a — k)el@=0a _ Bi(q + k)e~i@+a = C(B — ik)e~F-1Ob 4 D(B + ik)eF+1ODb (35)

Equations (33), (34) and (35) will have non — vanishing solution if and only if the determinant of the coefficient A, B,
C and D vanishes.
This requires that:

1 1 -1 -1
i(a—k) —i(a+k) (8 — ik) —(B +ik)
eila-ka e-i(atia e~ (B=ik)b o (B+ik)D =0 (36)

i(a —k)el@ha  —j(a+k)ei@tha (g —ik)e~B-D  _(B 4 jk)el+ib

This implies that,
0 _ op2\[pila—K)a _ ,—(B=ik)b][,—i(a+k)a _ ,(B+ik)b —2igfR — 22 [pil@-K)a _ ,(B+ik)b][,—(B-ik)b _

2iap — 2k*)|e e e e + (—2iaf — 2k*)|e e e
e—i(a+k)a] — (az _ 2k2 _ ﬁZ)[e—i(a+k)a _ ei(a—k)a][e(BHk)b _ e—(B—ik)b] (37)
The R.H.S of equation (36) can be expands as
— (az _ 2k2 _ ﬁZ)[e—i(oﬁk)aeBbeikb + e—i(k—a)ae—ﬁbe—ikb _ e—i(a+k)ae—/3beikb _ eik(b—a)eﬁbeiaa]
The L.H.S of equation (36) can be expands as
= ifa — Zkz)[ei(a-k)a—i(a+k)a — e~ (B+)a-i(a+k)a 4 o—(B-iK)b+(B+iK)b _ ei(a+k)a+(B+ik)b] +

9 _ 2 —(B-ik)b+i(a—k)a —i(a+k)a+(B+ik)b _ ,—i(a+k)a+i(a—k)a _ ,(B+ik)b—(B+ik)b

(—2iap — 2k*)[e +e e e ]
R.H.S is further simplified as:
— (az _ ,82 _ 2k2)[eik(b—a)e/3be—aa + eik(b—a)e—ﬁbeiaa _ eik(b—a)e—ﬁbe—aa _ eik(b—a)eﬁbeiaa]
— (a,z _ ﬁz _ ZkZ)(eik(b—a))[eBb(e—iaa _ eioca) + e—ﬁb(eiaa _ e—iaa)]
L.H.S is further simplified as:

— (Zi(Xﬂ _ ZkZ)[e—Ziak + ezibk _ eik(b—a)e—bﬁe—iaa _ eik(b—a)ebﬁeiaa]

+(2ia[3 _ 2k2)[eik(b—a)e—b[)’ei(xa + eik(b—a)e—bﬁe—iaa _ e—2iak _ ezibk]

— (Zi(Xﬂ _ ZkZ)[eik(b—a) [e—ziak—ik(b—a) + ezikb—ik(b—a) _ e—bﬁ—iaa _ eiaa+b[3’]]

+(2i6¥ﬂ _ 2k2)[eik(b—a) [e—Bb+iaa + ebB—iaa _ e—Zi(xk—ik(b—a) _ ezibk—ik(b—a)]]

Since e*®=9 is a common factor both for the L.H.S and R.H.S, the equation is simplified and written as under:
R.H.S.

— (az _ ﬂZ)[eﬁb(e—iaa _ eiaa) + e—Bb(eiaa + e—iaa)] _ 2k2[e[3’b(e—iaa _ eiaa) + e—Bb(eiaa _ e—iaa)]
L.H.S is:

- (Ziaﬁ)[e"Zi“k"ik(b"“) + ezikb—ik(b—a) _ e—b[ﬁ’—iaa _ eiaa+bb’] _ 2k2 [e—ziak—ik(b—a) + ezikb—ik(b—a) _ e—bb’—iaa _ eiaa+b[)’]
+(2l~aﬂ)[e—[i’b+iaa + ebﬁ—iaa _ e—Ziak—ik(b—a) _ ezibk—ik(b—a)] _ 2k2 [e—[ib+iaa + ebﬁ—iaa _ e—Ziak—ik(b—a) _ ezibk—ik(b—a)]
On expanding k? terms of both L.H.S and R.H.S and equating them, we find the result yields zero value. Now by
equating L.H.S and R.H.S and simplifying

(_az +‘82)(eioza _ e—ioza)(eﬁ‘b _ e—ﬁ‘b) — (Ziaﬁ)[Ze‘“‘(b*a) + Zeik(b+a)] _ Ziaﬁ[(ei““ + e—iaa)(eﬁb + e—Bb)]

—a?+82) . . . . . .

( (Zi;f; )(ema _ e—ma)(eﬁb _ e—/?b) — [Ze—zk(b+a) + Zezk(b+a)] _ [(elaa + e—zaa)(eﬁb + e—ﬁb)] (38)

Dividing equation 38 throughout by 2

_ 2. p2 iaa_,—iaa , , , , Bb o—Bb

( éa;l; )[(e zriz )(eBb _ e—ﬁb)] — [e—Lk(b+a) + elk(b+a)] _ [(elaa + emiaa) (e +2e )] (39)
151
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But from hyperbolic function:

(eizza_e—iom)

™ =sinaa (40a)
(efaa + e~i@@) = 2 cos aa (40b)
C24e™) _ cosh pb (40¢)
(ef? — e=FP) = 2sinh Bb (40d)
[e~k®+a) 4 oik(b+a)] = 2 cosk(a + b) (40e)

Now by substituting equations (40a), (40b), (40c), (40d),
and (40e) into equation (39), we get

(—a?+B3?) . .
) 2 sin aa sinh fb

= 2cosk(a + b) — 2 cos aa cosh fb (41)
Thus, the solution of the determinant (equation 36) can
be written as:

(—a?+p?) . .
“aap) sin aa sinh fb + cos aa cosh fb = cosk(a + b)

Equation (41) is complicated but a simplification is
possible. Kronig and Penney considered the possibility
that Vo, remains finite. Such function is called delta
function. Under these circumstances

sinh b —» b

And

coshffb - 1as b — 0.

Hence equation 42 becomes

(Ca?+B2) oy -

@B Bbsinaa + cosaa = coska (42)
Now

2 2 2
B —a? =TV, — B) - TR E = TR (1, - 2E)
since Vo > FE
8 2

B? —a? === (Vo) (43)
By substituting equation (43) into the equation (42), we
get
sm?m(Vy) . _
“aph?) Bbsinaa + cosaa = coska (44)
where p = %‘;‘b
(%'Zab) % + cosaa = coska
pI2 4 cosaa = coska (45)

aa

The term Vs is called the barrier strength. The term p in
equation (45) is sometime referred as the scattering
power of the potential barrier. It is a measure of the
strength with which electron in crystal attracted to the

ions on the crystal lattice sites. Also,
2 _ 8m*m

at=—F
_ a?n?
E= 8m2m
and
_m
=z (46)

Equation 48 is a condition of the existences of a solution
for the electron wave function.

There are only two variables in equation (45), namely
a and k. The R.H.S of equation (45) is bounded since it
can only assume values within 0 and 1. If we plot the
L.H.S of this equation againstaa, it will be possible to
determine those values of a (and hence energy) which are
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permissible; that is, permit p % + cos aa to take value
between 0 and 1. When each of these values is set equal
to cos(ka), K is determined. Then a can be found from
equation (13). Periodic potential is obtained by solve
above equation. L.H.S of the equation is bounded by
R.H.S ().

Case I: when p = oo, sinaa =0

and

aa =nmw S a = %

By squaring both side

- ()
But
2 _2m

==k (47)
Equating equation (3.11) and (3.46) we get

2m nm 2
wE=(7)
Therefore
h? (nm)2
£ (7) 48)
a= “71 (49a)
c 1
A= 7 S t= ?
Therefore
A=ct (49b)
By putting equations (49a) and (49b) into (44) we get
2h%m?
E = — (50)
Where 7 in the equation (48) is the time
Case II.: When p = 0,
cosaa = coska
a=k = a?=k?

kz_an
Tz

n2h?
T A2m

From de-Broglie hypothesis
2

(D

(52)

2= h”
2
p
2
h? = 2
87?2
1 _ 4n?p?
FERY
_ m? h? 4m?p?

m 8n? h?
2

> 22p?=n?

1 2
—=-mv
2m 2

(53)
(54)

Eextreme =
ET = %kBT
By equating Ecxreme and Er we get
3 1,

EkBT = Emv

b= \[% (55)

Equation (55) is the velocity of free electron in lattice, it
is extreme velocity. By equating equation (50) and
equation (54) we get

3 2h?m?
= k T =——
2B mc?1?
4h2m?
T= (56)
3mkgTc?

Equation (54) is the average time (7) per temperature (k)

152

NJP VOLUME 34(2)

NIGERIAN JOURNAL OF PHYSICS

njp.nipngr.org



Analysis and Exploration of Kronig ... Rawagana et al. NJP

RESULTS AND DISCUSSION

Table 1: Variation of Power Scatter Barrier Depending on Different aa
n E,.(») A(m) k ka a aa F(aa))
1 3.76E+01 3E-10 6.073E-21 9.11E-31 3.E+10 4.7296615 0.7918
2 1.50E+02 1.5E-10 1.215E-20 1.822E-30 6.E+10 9.459323 0.9964
3 3.38E+02 1E-10 1.822E-20 2.733E-30 9.E+10 14.188985 1.06932
4 6.02E+02 7.5E-11 2.429E-20 3.644E-30 1.E+11 18.918646 1.00359
5 9.40E+02 6E-11 3.037E-20 4.555E-30 2.E+11 23.648308 0.95851
6 1.35E+03 SE-11 3.644E-20 5.466E-30 2.E+11 28.377969 0.99641
7 1.84E+03 43E-11 4.251E-20 6.377E-30 2.E+11 33.107631 1.02953
8 2.41E+03 3.8E-11 4.859E-20 7.288E-30 3 E+11 37.837292 1.00359
9 3.05E+03 3.3E-11 5.466E-20 8.199E-30 3. E+11 42.566954 0.97714
10 3.76E+03 3E-11 6.073E-20 9.11E-30 3. E+11 47.296615 0.99642
11 4.55E+03 2.7E-11 6.681E-20 1.002E-29 3 E+11 52.026277 1.01859
12 5.41E+03 2.5E-11 7.288E-20 1.093E-29 4 E+11 56.755938 1.00357
13 6.35E+03 2.3E-11 7.895E-20 1.184E-29 4 E+11 61.4856 0.98438
14 7.37E+03 2.1E-11 8.503E-20 1.275E-29 4 E+11 66.215261 0.99644
15 8.46E+03 2E-11 9.11E-20 1.367E-29 5.E+11 70.944923 1.01342
16 9.63E+03 1.9E-11 9.717E-20 1.458E-29 5.E+11 75.674584 1.00355
17 1.09E+04 1.8E-11 1.032E-19 1.549E-29 5.E+11 80.404246 0.98828
18 1.22E+04 1.7E-11 1.093E-19 1.64E-29 6.E+11 85.133907 0.99646
19 1.36E+04 1.6E-11 1.154E-19 1.731E-29 6.E+11 89.863569 1.01037
20 1.50E+04 1.5E-11 1.215E-19 1.822E-29 6.E+11 94.59323 1.00353

Table 2: Variation of Energy with Temperature and Principle Quantum Number
n En(.’) )l'(m) vn(m/s) T(k) vT(k/kg) Eper temp U) longer temp T(szm_zk_l)
1 3.76E+01 3E-10 4.50945E-74 273 1.114E+05 5.6511E-21 -20.2479 6.71E-51
2 1.50E+02 1.5E-10 9.0189E-74 337 1.238E+05 6.9759E-21 -20.1564 7.46E-51
3 3.38E+02 1E-10 1.35284E-73 473 1.466E+05 9.7911E-21 -20.0092 8.84E-51
4 6.02E+02 7.5E-11 1.80378E-73 276 1.120E+05 5.7132E-21 -20.2431 6.75E-51
5 9.40E+02 6E-11 2.25473E-73 609 1.664E+05 1.26063E-20 -19.8994 1.00E-50
6 1.35E+03 5E-11 2.70567E-73 745 1.840E+05 1.54215E-20 -19.8119 1.11E-50
7 1.84E+03 4.3E-11 3.15662E-73 279 1.126E+05 5.7753E-21 -20.2384 6.79E-51
8 2.41E+03 3.8E-11 3.60756E-73 881 2.001E+05 1.82367E-20 -19.7391 1.21E-50
9 3.05E+03 3.3E-11 4.05851E-73 1017 2.150E+05 2.10519E-20 -19.6767 1.30E-50
10 3.76E+03 3E-11 4.50945E-73 282 1.132E+05 5.8374E-21 -20.2338 6.82E-51
11  4.55E+03 2.7E-11 4.9604E-73 1153 2.289E+05 2.38671E-20 -19.6222 1.38E-50
12 5.41E+03 2.5E-11 5.41134E-73 1289 2.420E+05 2.66823E-20 -19.5738 1.46E-50
13 6.35E+03 2.3E-11 5.86229E-73 285 1.138E+05 5.8995E-21 -20.2292 6.86E-51
14 7.37E+03 2.1E-11 6.31323E-73 1425 2.545E+05 2.94975E-20 -19.5302 1.53E-50
15 8.46E+03 2E-11 6.76418E-73 1561 2.663E+05 3.23127E-20 -19.4906 1.61E-50
16 9.63E+03 1.9E-11 7.21512E-73 288 1.144E+05 5.9616E-21 -20.2246 6.90E-51
17 1.09E+04 1.8E-11 7.66607E-73 1697 2.777E+05 3.51279E-20 -19.4543 1.67E-50
18 1.22E+04 1.7E-11 8.11701E-73 1833 2.886E+05 3.79431E-20 -19.4209 1.74E-50
19 1.36E+04 1.6E-11 8.56796E-73 291 1.150E+05 6.0237E-21 -20.2201 6.93E-51
20 1.50E+04 1.5E-11 9.0189E-73 1969 2.991E+05 4.07583E-20 -19.3898 6.71E-51
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Figure 1(a): Graph of F(aa) = p— _— tcosaa against aa

In Figure 1(a), the graph depicts F(aa) against (aa),
revealing that energy is damped within the +1 power
scatter barrier. As (oa) increases, the energy of the
phonon in the crystal lattice decreases until it reaches a
point of constant F(aa). The power scatter barrier for any
crystal lattice can be determined using the model

F(aa) = 6 X 107°(aa) + 0.9888.

Moving to Figure 1(b), the graph of En against n
illustrates that as the principal quantum number (n)
increases, the energy (En) also increases. This indicates
that the electron within the crystal lattice is confined to

Figure 1(b): Graph of E(eV) against n

its orbital in the unit atom, and at that point, the power
scatter barrier is infinite. The energy En for any crystal
lattice can be determined using the model

E, = 13.7n%.

In Figure 1(c), the graph of ET against Temperature
demonstrates that as the temperature increases, the
energy also increases. This suggests that the electron
inside the lattice is freely moving throughout, and at that
point, the power scatter barrier is finite.
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Figure 1(d): Graph of Log E peremp against v(m/s)

5000E+05

4.000E+05

vT

3.000E+05

2.000E+05

1.000E+05

-18.5

-18.8
(§OE+00
-19.2
-19.4
S
Z -196
=
-19.8
20
202
204

5.00E+04  1.00E+05 .S50E+05

Log E per temp

Figure 1(e): Graph of Log E peremp against vt

Figure 1(f): Graph of Log E pertemp against E, (J)

NIGERIAN JOURNAL OF PHYSICS

154

NJP VOLUME 34(2)

njp.nipngr.org



NIGERIAN JOURNAL OF PHYSICS

Analysis and Exploration of Kronig ...

Finally, in Figure 1(d), the graph of ET against v(m/s)
indicates that the velocity of the phonon is negligible
inside the lattice. However, this relationship is applicable
for determining the amplitude of the electron.

Discussion

In Figure 1(a), the graph depicts F(aa) against (aa),
revealing that energy is damped within the +1 power
scatter barrier. As (oa) increases, the energy of the
phonon in the crystal lattice decreases until it reaches a
point of constant F(aa). The power scatter barrier for any
crystal lattice can be determined using the model

F(aa) = 6 = 1075(aa) + 0.9888.

Moving to Figure 1(b), the graph of En against n
illustrates that as the principal quantum number (n)
increases, the energy (En) also increases. This indicates
that the electron within the crystal lattice is confined to
its orbital in the unit atom, and at that point, the power
scatter barrier is infinite. The energy En for any crystal
lattice can be determined using the model

En = 13.7n%

In Figure 1(c), the graph of ET against Temperature
demonstrates that as the temperature increases, the
energy also increases. This suggests that the electron
inside the lattice is freely moving throughout, and at that
point, the power scatter barrier is finite.

Finally, in Figure 1(d), the graph of ET against v(m/s)
indicates that the velocity of the phonon is negligible
inside the lattice. However, this relationship is applicable
for determining the amplitude of the electron.

Fig 1(e): The graph of Et against vr shows that the Er is
decreasing the velocity vt of the free electron is also
increasing. While for the fact that in a lattice the extreme
energy of the phonon is negligible, because it is massless.
Figure 1(f): Graph of Log Eper emp against E, (J) shows
that as the energy of the restricted electron increase the
energy of free electron is reduced due to the energy gap
or barrier scatter. The researcher noticed that to reduce
the energy band one must have a high temperature in the
crystalline.

CONCLUSION

The findings derived from this research offer valuable
conclusions: The energy within the +1 power scatter
barrier experiences damping as (aa) increases, reaching
a constant point of F(aa). The power scatter barrier for
any crystal lattice can be determined using the
model F(aa) = 6 X 1075(aa) + 0.9888. The
electron within the crystal lattice is confined to its orbital
in the unit atom, resulting in an infinite power scatter
barrier. The energy E, for any crystal lattice can be
determined from the model E, = 13.7n%. Increasing
temperature leads to a corresponding increase in energy,
indicating that the electron inside the lattice is freely

Rawagana et al.
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it is instrumental in determining the electron's amplitude.
The decrease in Er corresponds to an increase in the
velocity vr of the free electron. In a lattice, the extreme
energy of the phonon is negligible due to its massless
nature. The energy of the restricted electron increases,
causing a reduction in the energy of the free electron due
to the presence of an energy gap or barrier scatter.
Moreover, the study highlights that to reduce the energy
band, a high temperature in the crystalline structure is
necessary. Electron transition from the valance band to
the conducting band requires elevated temperatures
facilitating movement, leading to an electron lifetime of
1.63 x 107°%s during this transition. Conduct
additional research to delve deeper into the mechanisms
of energy damping within the +1 power scatter barrier as
(aa) increases. Extend studies to comprehensively
understand the consequences and applications of an
infinite power scatter barrier when the electron is
restricted to its orbital in the unit atom. Explore the
temperature-dependent energy characteristics in crystal
lattices in more detail. Investigate how variations in
temperature impact electron mobility, energy states, and
the finite nature of the power scatter barrier. Further
refine the understanding of the negligible velocity of
electrons inside the lattice and its role in determining
electron amplitude. Conduct a comprehensive analysis of
energy transitions within the crystal lattice, especially
those associated with reductions in energy bands.
Validate the conclusions drawn from this study through
experimental validations and practical applications.
Encourage collaboration with researchers in related fields
to share insights and data. By addressing these
recommendations, future research endeavors can build
upon the foundation laid by this study, expanding our
knowledge of crystal lattice dynamics and opening
avenues for innovative applications in materials science
and quantum physics.

REFERENCES

Angelo, Ziletti., Devinder, Kumar., Matthias, scheffler &
Luca, M. Ghiringhelli (2017). Insightful classification of
crystal structure using deep learning. Arxiv materials
science. https://doi.org/arXiv:1709.02298v2

Benjamin, Friedlander (1984). Lattice structures for
factorization of samples covariance matrix. pp. 163-169.
https://doi.org/10.1063/1.1587011

Bootstrapping the Kronig-Penney model: 14 Dec 2022-
Physical review (Physical review)-Vol. 106, Iss: 11.
https://doi.org/10.1103/PhysRevD.106.116008

Cerutti, D. S., & Case, D. A. (2019). Molecular
Dynamics Simulations of Macromolecular Crystals.

moving, and the power scatter barrier is finite. The Wiley interdisciplinary reviews. Computational
velocity of the electron inside the lattice is negligible, yet
155

NJP VOLUME 34(2)

njp.nipngr.org


https://doi.org/arXiv:1709.02298v2
https://doi.org/10.1063/1.1587011
https://doi.org/10.1103/PhysRevD.106.116008

NIGERIAN JOURNAL OF PHYSICS

Analysis and Exploration of Kronig ...

molecular science, el402.

https://doi.org/10.1002/wcms.1402

94,

Eli, Alster., David, Montiel., Katsyo, Thornton's & Potter
W. Voorhees (2017). Simulating complex crystal
structures using the phase-field crystal model Physical
reviews materials. Vol 1. Issue 6. Pp 060-801. DOI:
https://doi.org/10.1103/PhysRev.96.218

Fischetti, M.V. & Vandenberghe, W.G. (2016). The
Electronic  Structure of Crystals: Computational
Methods. In: Advanced Physics of Electron Transport in
Semiconductors and Nanostructures. Graduate Texts in
Physics. Springer, Cham. https://doi.org/10.1007/978-3-
319-01101-1_5

Graeme, J. Ackland., Nigel, B. Wilding & Alastair Bruce

(1997). Evaluation of free energy differences between
crystalline phases using the lattice switch montecurlo
method: MRS proceedings (Cambridge University
press). Vol 499 issue 1 pp  253-264.
https://doi.org/10.1103/PhysRevLett.79.3002

Greiner, W. (2001). Quantum Mechanics; An
Introduction. Fourth Edition. Springer, Berlin, Germany.
Pp- 181, 220 - 222.
www.cambridge.org/core/books/introduction-to-

quantum-
mechanics/990799CA07A83FC5312402AF6860311E

Griffiths, D. J. (1995). Introduction to Quantum
Mechanics. Prentice Hall, New Jersey. pp. 256 — 260.
www.cambridge.org/core/books/introduction-to-

quantum-
mechanics/990799CA07A83FC5312402AF6860311E

Ibrahim, 1. S., F. M. Peeters (1995). The magnetic
Kronig—Penney model. American Journal of Physics
(American Association of Physics Teachers)-Vol. 63, Iss:
2, pp 171-174. https://doi.org/10.1119/1.17977

Kakani, S.L and Kakani, S (2006). Modern Physics. Viva
Books Private Limited, New Delhi. Pp 356-400.
https://doi.org/urn:lcp:modernphysics0000kaka:lcpdf:76
8bf31¢-97ca-44b5-ab5¢c-04e0b39bbfBf

Ken, A. Hawick (2012). Engineering internal domain
specific languages software for lattice-based simulations:
Journal of paralled and distributed computing and
system. Doi: https://doi.org/10.2316/p.2012.790-043

Lan, lan., Zhi-Yuan, Lin & Kai-ming Ho. (2003). Lattice
symmetry applied in transfer matrix methods for photon
crystals. Journal of applied physics (American institute
of physics). Vol 94. Issue 2. Pp 811-821.

Rawagana et al.

NJP

Landau, L. D. and Lifshitz, E. M., (1991). Quantum
Mechanics, Non-relativistic Theory, Volume 3 of Course
of Theoretical Physics. Third edition, Pergamon Press,
Oxford, England. pp- 119.
https://www.scribd.com/document/410016083/Landau-
L-D-Lifshitz-E-M-Volume-3-Quantum-Mechanics-non-
relativistic-theory-3ed-Pergamon-1991-pdf

Li, J., Abramov, Y. A., & Doherty, M. F. (2017). New
Tricks of the Trade for Crystal Structure Refinement.
ACS central science, 3(7), 726-733.
https://doi.org/10.1021/acscentsci.7b00130

Masatsugu, Suzuki (2015). Block theorem and energy
band.

https://bingweb.binghamton.edu/~suzuki/ModernPhysic
s/38 Bloch_theorem_and_energy band.pdf

Matthew J. Blacker., Arpan, Bhattacharyya & Aritra,
Banerjee (2022). Bootstrapping the Kronig-Penney
model: https://doi.org/10.48550/arXiv.2209.09919

Newton, R. G., 2002. Quantum Physics: A Text for
Graduate Student Springer-Verlag New York, Inc. pp.
181. ISBN 10: 0387954732 ISBN 13: 9780387954738.
Publisher: Springer, 2002

Paul W. Betteridge, J. Roberto's Cairuther., Richard I.
Cooper., Keith Prout & David J Watkins (2003). Crystals
Version 12: software for guided crystal structure

analysis.  Journal of applied crystallography
(international Union of crystallography). Vol 36. Issue 6.
Pp 1487-1487.

https://doi.org/10.1107/S0021889803021800

Ralph, Freese (2004). Automated lattice Drawing.
Second International Conference on Formal Concept
Analysis, ICFCA 2004, Sydney, Australia, Pp 112-127,
February 23-26, 2004, Proceedings
https:/link.springer.com/book/10.1007/b95548

Righini, R. (1985). Crystal structure and lattice dynamics
calculations on CSe 2. Chemical Physics Letters, 115 (4—
5), 381-386. https://doi.org/10.1016/0009-

2614(85)85153-8

Ruho, Kondo (2021). Finding direct correlation function
for desired two dimensional lattices with a phase field
crystal: Physical reviews B. (American physical society).
Vol 104. Issue 1. Pp. 014112.
https://doi.org/10.1103/PhysRevB.104.014112

Salimen, Ana (2020). Kronig-Penney Model (Condensed
Matter Assignment).
https://www.scribd.com/document/449729125/kronig-
penney-model-condensed-matter-assignmen t

156

NJP VOLUME 34(2)

njp.nipngr.org


https://doi.org/10.1002/wcms.1402
https://doi.org/10.1103/PhysRev.96.218
https://doi.org/10.1007/978-3-319-01101-1_5
https://doi.org/10.1007/978-3-319-01101-1_5
https://doi.org/10.1103/PhysRevLett.79.3002
http://www.cambridge.org/core/books/introduction-to-quantum-mechanics/990799CA07A83FC5312402AF6860311E
http://www.cambridge.org/core/books/introduction-to-quantum-mechanics/990799CA07A83FC5312402AF6860311E
http://www.cambridge.org/core/books/introduction-to-quantum-mechanics/990799CA07A83FC5312402AF6860311E
http://www.cambridge.org/core/books/introduction-to-quantum-mechanics/990799CA07A83FC5312402AF6860311E
http://www.cambridge.org/core/books/introduction-to-quantum-mechanics/990799CA07A83FC5312402AF6860311E
http://www.cambridge.org/core/books/introduction-to-quantum-mechanics/990799CA07A83FC5312402AF6860311E
https://doi.org/10.1119/1.17977
https://doi.org/urn:lcp:modernphysics0000kaka:lcpdf:768bf31c-97ca-44b5-ab5c-04e0b39bbf8f
https://doi.org/urn:lcp:modernphysics0000kaka:lcpdf:768bf31c-97ca-44b5-ab5c-04e0b39bbf8f
https://doi.org/10.2316/p.2012.790-043
https://www.scribd.com/document/410016083/Landau-L-D-Lifshitz-E-M-Volume-3-Quantum-Mechanics-non-relativistic-theory-3ed-Pergamon-1991-pdf
https://www.scribd.com/document/410016083/Landau-L-D-Lifshitz-E-M-Volume-3-Quantum-Mechanics-non-relativistic-theory-3ed-Pergamon-1991-pdf
https://www.scribd.com/document/410016083/Landau-L-D-Lifshitz-E-M-Volume-3-Quantum-Mechanics-non-relativistic-theory-3ed-Pergamon-1991-pdf
https://doi.org/10.1021/acscentsci.7b00130
https://bingweb.binghamton.edu/~suzuki/ModernPhysics/38_Bloch_theorem_and_energy_band.pdf
https://bingweb.binghamton.edu/~suzuki/ModernPhysics/38_Bloch_theorem_and_energy_band.pdf
https://doi.org/10.48550/arXiv.2209.09919
https://doi.org/10.1107/S0021889803021800
https://link.springer.com/book/10.1007/b95548
https://doi.org/10.1016/0009-2614(85)85153-8
https://doi.org/10.1016/0009-2614(85)85153-8
https://doi.org/10.1103/PhysRevB.104.014112
https://www.scribd.com/document/449729125/kronig-penney-model-condensed-matter-assignmen
https://www.scribd.com/document/449729125/kronig-penney-model-condensed-matter-assignmen

NIGERIAN JOURNAL OF PHYSICS

Analysis and Exploration of Kronig ...

Schiff, L. 1., (1949): QUANTUM MECHANICS.
McGraw-Hill Book Company, Inc. pp 169-172.
https://www.scribd.com/document/318048394/Leonard-
Schiff-Quantum-Mechanics

Terayama, K., Yamashita, T. & Oguchi, T. (2018). Fine-
grained optimization method for crystal structure
prediction. npj Comput Mater Vol 4. Issue 1. Pp 32.
https://doi.org/10.1038/s41524-018-0090-y

Rawagana et al.

NJP

Thaddeus, D. Ladd., J.R. Goldman., Fumiko Yamaguchi
& Yoshuhisa, Yamamoto (2000). Decoherence in crystal
lattice quantum computation. Applied physics A
(springer-verlag). Vol 71. Issue 1. Pp 27-36

Urbano Oseguera. 01 Feb 1992- Classical Kronig—
Penney model. American Journal of Physics (American
Association of Physics Teachers)-Vol. 60, Iss: 2, pp 127-
130. https://doi.org/10.1119/1.16929

157

NJP VOLUME 34(2)

njp.nipngr.org


https://www.scribd.com/document/318048394/Leonard-Schiff-Quantum-Mechanics
https://www.scribd.com/document/318048394/Leonard-Schiff-Quantum-Mechanics
https://doi.org/10.1038/s41524-018-0090-y
https://doi.org/10.1119/1.16929

